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Abstract
Since the trading of options is based on underlying stocks, it is reasonable to
assume that information from the options market can be used to explain the
returns in the stock market. Our independent study investigates the
relationship between options implied volatility and stock returns. Previous
studies have found significant results in using implied volatility in predicting
stock returns. This paper provides a discussion of such studies, the theoretical
framework for the research topic, and the Black-Scholes model, which is
famous for its application in implied volatility calculation. Monthly returns of
20 large US firms are regressed against implied volatility and other control
variables, using fixed-effect and Fama-Macbeth regression. The result from
these regressions suggests that implied volatility level is useful in predicting
the time-series returns of stock, while the put-call implied volatility spread is
significant in explaining cross-sectional stock returns. The results of our paper
support previous literature’s findings, which suggest that information from
implied volatility is useful in predicting stock market returns.
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Chapter 1
Introduction
1.1

Introduction

The motivation in this study rises from the interest in the stock market. In this
market, investors try to use all available information to gain a competitive
edge. They try to analyze firms’ fundamental, financial, historical trading
data, market news, and so on to identify stocks with a higher rate of return.
One of the most well-known factors that have a close relationship with returns
is risks. Thus, the utility of risk factors in explaining future returns has raised
investors’ interest and became the topic of many studies. Most popular risk
factors used in predicting future returns used historical data of the firm like
beta value from the CAPM model, firm size, and book to market ratio (Fama
and French 1992), and so on. While these risk factors have a theoretical
foundation and some of them are proven to be statistically significant in
explaining returns, by using these factors, we are using past data of stock’s
risk to predict future returns.
1
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Information on the stock market alone is not the only one that can provide

predictability power on future returns, however. For a long time, investors
have been using options in combination with stocks to form different
investment strategies. Since options are a type of financial derivative, their
trading and pricing are affected by that of their underlying stocks. Thus, it is
reasonable for us to think that the options market can provide valuable
information on future returns of stocks.
The Black-Scholes formula provides us a way to compute implied
volatility from the price of options as well as some other market data. This
implied volatility is considered the expectation of the market on the future
volatility level of the underlying stocks. This factor provides motivation to
look into its relationship with future stock returns as well as further
investigation of the Black-Scholes model.
Our study investigates the question of whether information from stock
implied volatility can be used to predict future stock returns. We hypothesize
that information of implied volatility obtained from options price has
predictability power on stock returns. We also expect a positive relationship
between these two variables since higher risks should associate with higher
returns.
To do this, we will examine the relationship between future returns and
implied volatility by regressing the monthly return of stocks against implied
volatility variables. We will use two different regressions methods: the
fixed-effect model and the Fama-Macbeth regression. These two methods have
different approaches to the panel dataset and provide us different insights into
the impacts of implied volatility on stock return. The fixed-effect model
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measures the average time series impact of implied volatility on stock returns
since the model created a dummy variable for each company to control for the
cross-section difference in average return. The Fama-Macbeth regression, on
the other hand, allows us to observe the cross-sectional effect of implied
volatility on future stock return. In both analyses, we also control for other
firm-specific factors.

1.2
1.2.1

Introduction of Options
Option Contracts

To understand the concept of implied volatility as well as how it can give
information about stock returns, we need to know the concept of option as
well as its characteristics.
Options contracts are a type of financial derivatives, indicating that their
price and trading depend on an underlying asset. In this paper, this
underlying asset refers to stocks. An option contract is an agreement between
two parties to buy or sell an underlying asset at a certain price and at a certain
time in the future. The agreed price that the underlying asset is going to trade
in the future is called the strike price, and the day that the owner of the
options contracts can exercise their option is called the expiration date. There
are two types of options, call option and put option. The call option gives the
buyer the right to buy the underlying asset at a certain price in the future,
while the put option gives the buyer the right to sell that underlying asset at a
certain price. Thus, investors expect to make a profit by purchasing call (put)

4
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options when they think that the price of the underlying asset is going up
(down) in the future. Investors can also use option contracts as hedging
instruments for assets in their portfolios.

1.2.2

Option Moneyness

Options traders also make use of the terms regarding option moneyness. The
moneyness of options refers to the relative position of the option strike price
and the current price of the underlying asset. For a call option, the option is
said to be in-the-money if the asset’s current price is larger than the strike
price and out-the-money if the asset’s current price is lower than the strike
price. This is the other way around with put options. For both call and put
options, the option is said to be at-the-money if the strike price is equal to the
asset’s current price. Throughout the paper, we will also come across the
concept of option’s delta. Delta is a ratio that compares the change in the price
of an option to the change in the price of its underlying stocks. A delta of 0.25
means that as the price of the underlying stocks increase (decrease) by $1, the
price of the option increase (decrease) by 25 cents. Delta is also used to refer to
how far in-the-money or out-the-money an option is. The further an option is
out-the-money, the smaller its delta becomes, and vice versa. To better
understand these concepts of option moneyness, we can look at Example 1.2.1.
Example 1.2.1. The option chain in Figure 1.2.1 shows the available trading option
contracts on Sept 19. 2020 for the stock of Apple company with the expiration date of
Sept 25.2020
On Sept 19, 2020, the stock price of Apples is at $106.84, so we can consider
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Figure 1.2.1: The option chain of Apple on 09/19/2020 (obtained from Yahoo
Finance)

6
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options with the strike price of $106.25 or $107.5 at-the-money options. Let’s
assume that an investor decided to buy one out-the-money” call option
contract with the strike price of $110.00, which cost him $1.84. Since each
options contract stands for 100 shares of stocks, the investor is paying $184 for
the right to buy 100 shares of Apple stock at the price of $110 on September
25th, 2020. Suppose on the expiration date, Apple stock price rises to $115 per
share, the investor will make a profit of (115 − 110) × 100 − 180 = 320 ($). The
return on investment (ROI) for this transaction is 173.91%.
Now let us consider the case when the investor wants to make a profit
from 100 shares of Apple stock without using options contracts. To buy 100
shares of Apple stock on Sept 19th, 2020, the investor needs to pay a price of
$10,684. Thus, if Apple’s stock price goes up to $115 on September 25th, he
will make a profit of 11500 − 10, 684 = 816 ($). The ROI for this investment is
just 7.6%. This example illustrates how trading options can allow investors to
achieve greater returns with higher leverage than comparing to trading
common stocks. Moreover, options also give investors limited downside risks.
In the example above, the maximum amount that the investor can lose trading
the call option is the $180 he paid for the option premium, while the maximum
amount that the investor can lose is $10,684 if Apple goes bankrupt and its
stock price goes down to $0.

1.2.3

Option Implied Volatility and Stock Returns

Since options are derivative financial instruments, the price of the options can
be affected by several characteristics of its underlying securities. One of the
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characteristics that have a great impact on options price is the underlying
stock’s expected volatility during the life of the option. When purchasing call
or put options, investors make profits when the stock price goes up or down
further than the strike price. Thus, the higher volatility of the underlying stock
means a higher probability of profit for investors. This information is
incorporated into the options price. When the expected volatility of a stock is
high, its price has a higher chance to go beyond the strike price, and the price
of its option will be higher. Thus, the pricing of options contains information
on investors’ expected volatility (or implied volatility) of the underlying
stocks in the future. In finance, one well-known way of defining investment
risk is by assessing its variability of future return. Defining risk this way,
implied volatility can be viewed as a forward-looking measurement for the
risk of the stock. From the portfolio theory and the efficient market
hypothesis, we expected a positive relationship between risk and return.
Therefore, it is reasonable for us to expect a positive relationship between
implied volatility and stock returns.

8
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Chapter 2
Theoretical Framework
2.1

Introduction

In this chapter, we will introduce theories that are relevant to our research
topic. The chapter begins with an introduction to the expected utility theory.
This theory provides a framework to model an individual behavior when they
considering various economic options involving risk. The utility theory is
essential to understanding a theory discussed later in this chapter, the portfolio
theory since one assumption of the portfolio theory is that investors are
risk-averse. Next, we discuss the efficient market hypothesis. This portion will
discuss how stock prices should behave in an efficient market and the use of
historical information in generating abnormal returns. The following section
introduces the portfolio theory, which provides a way to quantify the risk of an
investment by using the variance in the assets’ return. The portfolio theory is
also a foundation to the next theory discussed, the capital asset pricing model.
This section gives a theoretical framework on how to calculate the expected
9
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return of assets using their risk. Finally, we will give a brief discussion of the
Black-Scholes model and how it is used to derive implied volatility. Most of
the theoretical explanations provided in this chapter are taken from
”Investment Analysis & Portfolio Management” (Reilley and Brown 2012).

2.2

Attitude Toward Risk and Expected Utility
Theory

In daily life, we usually must face different monetary choices involving
uncertainty and risks. The clearest examples for these situations include
lotteries and insurance. With insurance, a person accepts to pay an amount of
money called the premium so that he or she can avoid a low probability
chance of suffering a substantial financial loss. On the other hand, lotteries
give us a small chance to win a large amount of money in exchange for a high
probability of losing a small amount of money. This is also the situation when
it comes to investment. In the financial market, there are many different types
of investment that a person can choose to invest their money. These types of
investments have various levels of risks as well as potential returns.
Government bonds, for example, provide investors with the certainty
cashflow but has a low rate of return. Meanwhile, investing in financial
derivatives give investors the chance to make higher returns but also has the
risk of a larger loss.
Given the choice to select between various risky alternatives, different
individuals will choose differently based on their attitude toward risk. For

CHAPTER 2. THEORETICAL FRAMEWORK

11

example, a risk-averse person, who has a preference for certainty, is more
likely to buy insurance. This same person is also more likely to choose
government bonds as an investment. A risk-seeking person, however, will be
more interested in buying lottery tickets and investing in financial derivatives.
This difference in behavior can be explained by the expected utility theory
(Friedman and Savage 1948). This theory states that, under certain axioms, a
rational individual who is facing choices involving uncertainties will behave
as if he or she is trying to maximize their expected utility.
The main axioms of the expected utility are the assumptions that make a
rational decision-maker. According to Friedman and L.J Savage (1948), these
assumptions are:
• Completeness: The individual’s preference is well defined, which means
that between two different choices A and B, the individual knows which
one he or she prefers.
• Transitivity: The individual’s preference is consistence. In other words, if
the individual prefers A to B and B to C, then he or she prefers A to C.
• Continuity: If A > B and B > C, then ∃ p ∈ [0; 1] such that
pc + (1 − p)A = B.
According to the expected utility theory, if the individual satisfies the
previously mentioned axiom, this individual is a rational decision-maker and
their preference can be explained by a continuous utility function u, which
assigns a utility value for each outcome that describes the utility of that
outcome to the individual.

12
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To understand how this utility function can explain the preference of an

individual when facing uncertain outcomes and different attitudes toward risk
(such as risk-averse, risk-seeking, or risk-neutral), let us consider the following
example. Suppose a rational individual is choosing between two investments
A and B that have different outcomes of income. Investment A has a chance
p (0 < p < 1) of receiving the return of I1 and a chance (1 − p) of receiving the
return I2 . On the other hand, investment B guarantees a return of I0 . Suppose
that I1 < I0 < I2 . The utility of each return to the individual is
u(I0 ), u(I1 ), and u(I2 ). The expected utility of investment A can be calculated as
follows:
E(u(A)) = pu(I1 ) + (1 − p)u(I2 )

Since the individual is trying to maximize the expected utility, they will
choose investment A if E(u(A)) > u(I0 ). If we let I be the expected return of
investment A: I = p.I1 + (1 − p)I2 . Suppose I = I0 , then if a person is
risk-neutral, which means they just consider the expected outcome of the two
investments and don’t care about the uncertainty, they will be indifferent
between the two lotteries. This indicates that E(u(A)) = u(I), and the person
utility function is presented using a straight line as shown in Figure 1. If this
person is risk-averse, however, they will have a preference for certainty and
prefer B to A. Thus, they have a utility function that yields E(u(A)) < u(I). In
this case, let I∗ denotes the amount of return such that E(u(A)) = u(I∗ ). Since
E(u(A)) < u(I) → u(I∗ ) < u(I) → I∗ < I. If we graph u(I∗ ) and connect this point
with u(I1 ), and u(I2 ), we get a utility curve that is concave down as in Figure
3.1.1 (a). This is the other way around if the individual is risk-seeking (I∗ > I).
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In this situation, the utility function of this person will have the form of a
curve that is concave up (Figure 3.1.1 (b)).

Figure 2.2.1: The utility function of a rational individual with risk-averse function and risk-seeking function denoted by the red color in (a) and (b), respectively. I1 : lowest return on investment A; I2 : highest return on investment A; I:
expected return on investment A

Thus, according to the expected utility theory, we can use the utility
function and its shape to explain an investor’s preference and attitude toward
risk in investments. A risk-averse investor, who has a concave down utility
function, will seek to minimize uncertainty and thus is willing to accept lower
expected returns on stocks with smaller volatility and would require a higher
return on stocks with larger volatility. In fact, one of the assumptions of the
portfolio theory is that investors are risk-averse. Thus, we should expect a
positive relationship between assets’ risk and expected returns (Rilley and
Brown 2012, 182)

14
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2.3

Efficient Market Hypothesis

The topic of whether the capital market is efficient has been one of the
controversial topics in investment. In an efficient capital market, the price of a
security changes rapidly and reflects all available information about that
security. The efficient market hypothesis (EMH) (Fama 1970) argues that the
capital market is efficient, and under such conditions, no investors should be
able to generate a return that outperforms the market in the long run.
The rationale behind why the capital market should be efficient comes
from three assumptions. First, there are a large number of profit-maximizing
investors participating in the market. Second, new information randomly
comes to the market, and their timing is independent of each other. Thus, we
cannot predict what information will come out and how it will affect the
market. Third, since investors make decisions based on their analytics of
available information about securities, the buy and sell action of these
investors makes the securities prices adjusted rapidly to the new information.
Since the arrival of information to the market is random, the EMH suggests
that the change in the price of securities is random and independent of the
previously known information. Moreover, since the price adjusts rapidly to
new information, the price of a security at any time should reflect all available
information about that security, including the risk of owning this security.
Therefore, in an efficient market, the expected return of a stock should reflect
its risk.
There are three forms of the efficient market hypothesis. The first form is
the Weak-form EMH, which suggests that stock prices reflect all market
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information about the stock. This information includes the trading volume,
change in price, rates of return, and so on. This form of EMH indicates that in
the long run, investors cannot produce abnormal returns using technical
analysis, which uses historical trading data of the stock to predict its price.
The second form is the Semistrong-form EMH, which states that stock price
change rapidly to all public information, including fundamental information
such as financial ratios, earning and dividend announcement, stock splits, and
other information regarding economics and politics. This form of EMH
indicates that investors who make their decision based on publicly announced
news cannot achieve above-average returns consistently since the news is
already incorporated into the stock price. Lastly, the Strong-form EMH states
that stock price reflects all public and private information in the market. Thus,
no group of investors should be able to outperform the market consistently.
The EMH gives us insights into the relationship between risk and return.
Since this hypothesis suggests that investors should not be able to achieve an
above-average risk-adjusted return, in the long run, using their analysis on
firms’ information, and the only way to receive higher returns is to purchase
riskier investments. Thus, in an efficient market, the expected return of
security should be consistent with its risk. This gives us a reasonable
assumption for using risk measurements such as implied volatility to explain
securities’ returns.
Since the EMH suggests that published information cannot be used to
predict stock price movement, this theory contradicts the practice of technical
analysis, a methodology of analyzing and forecast stock price movement from
historical data. The use of implied volatility in explaining stock returns can be

16
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treated as a form of technical analysis since implied volatility is derived from
the market’s data. Therefore, the EMH does not support our study’s
hypothesis that implied volatility has explanatory power on future stock
return. Given this contradiction, why do we still want to conduct the study?
The answer to this question is because the EMH does have its limitations.
These limitations come from the fact that EMH is derived based on
assumptions that might not be true.
“The most enduring critiques of the EMH revolve around the preferences
and behavior of the market participants” (Lo 2018). The EMH assumes that all
investors act rationally and try to maximize their profit. However, this
assumption does not take into account the behavior of each individual. In
reality, investors might not be fully rational and there are various factors that
can affect their decisions such as emotions and risk preference. These
psychological factors might lead to irrational behavior of investors and can
lead to predictable outcomes. One common example of these outcomes is the
overreaction of price to information. The price then goes through a correction,
creating a predictable pattern that can be exploited for profit (Ball 1996, 5).
Another reason for overreactions in the market is a behavior widely as herd
behavior, which is the situation when investors make their decision based on
the majority of other investors.
Another critique of the EMH is that the assumption of costless information
in an efficient market is unreasonable. The EMH assumes that all investors can
have free access to information in the market, and thus can act accordingly to
this information, adjusting the price rapidly. However, in reality, the cost of
acquiring information for individual investors is larger than that for
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institutions since it requires a lot of time and effort to research the companies
in order to obtain detailed information. The cost of acquiring information is
the reason why people pay subscription fees to financial institutions to access
news faster and acquire more accurate information. Thus, all information is
not freely available for every investor, and investors who put in the time and
effort to gather more information should be rewarded. This critique on the
false assumption of costless information is also one of the rationales for our
use of option implied volatility to explain the market return. We are
hypothesizing that the options market reflects information about the stock
market, and options traders can use this information to have an edge in
predicting stock returns.

2.4

Portfolio Theory and Markowitz Efficient
Market Frontier

In the above discussion, we have found that an asset’s risk is positively related
to its expected returns. But how do we quantify asset risk? the portfolio
theory (Markowitz 1952) provides an answer to this question by measuring
risk as the variance of asset returns. This perception of risk is consistent with
the implied volatility, as implied volatility is the expected variance of return in
the future of the stock.
Developed in 1952, the Markowitz portfolio theory talks about how
investors can construct portfolios that maximize the return based on a given
level of risk. In this theory, Markowitz also provides a way to model the risk of
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a portfolio using variance as well as how to diversify to reduce this risk. To
quantify the risk of the investment, the theory makes use of the variance in the
expected return of assets. In particular, the risk of an asset can be calculated as:
Variance = σ =
2

n
X

[Ri − E(Ri )]2 Pi

i=1

Where Pi is the probability of return Ri . The expected return of a portfolio is:
Expected Return = E(Rport ) =

n
X

wi Ri

(2.4.1)

i=1

Where wi is the weight of the asset i in the portfolio and Ri is the expected rate
of return for asset i. According to the portfolio theory, the relationship among
the assets in the portfolios has a major impact on the risk of the portfolio. To
account for this relationship, the theory employs the covariance and
correlation coefficients. The covariance between two variables is a measure of
how much these two variables move together relative to their mean. Two
assets that have a positive covariance coefficient mean that these two assets
tend to have their rate of returns move in the same direction (concerning their
mean rate of returns). The formula for covariance between returns of two
assets i and j is as follows:
Covariance(i, j) = Covi j = E[Ri − E(Ri )][Rj − E(Rj)]
The correlation coefficient has the same meaning as the covariance coefficient,
but is standardized to the range of -1 to 1 by controlling for the standard
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deviation of the two variables:
Correlation(i, j) = r =

Covi j
σi σ j

The portfolio theory implies that to calculate the standard deviation (risk) of a
portfolio, we cannot just take the weighted average of the standard deviation
of individual assets in the portfolio. Instead, we also need to take into account
the correlation between the returns of these individual assets. The formula for
the standard deviation (risk) of a portfolio developed by Markowitz is as
follows:

v
t
σport =

n
X

w2i σ2i

+

i=1

Or

v
t
σport =

n
X
i=1

n X
n
X

wi w j Covi j

i=1 j=1

w2i σ2i

+

n X
n
X

wi w j σi σ j ri j

(2.4.2)

i=1 j=1

Thus, this formula for the standard deviation of the portfolio implies that
the portfolio’s level of risk is a function of not only the assets’ standard
deviation but also the average covariance between these assets. Thus, by
combining assets with low to negative correlation, we can reduce the risk of
the portfolio. This is the rationale behind diversification, which is the
allocation of capital across different types of assets to reduce the risk for the
overall portfolio. The risk in a portfolio that can be diversified away by
combining different risky assets is referred to as the unsystematic risk. There is
one more type of risk that exists: the systematic risk. The systematic risk
represents the uncertainty of macroeconomic factors that affect all risky assets
and cannot be eliminated with diversification. A portfolio that contains all
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available risky assets and has diversified all systematic risk is referred to as the
market portfolio. The standard deviation of this market portfolio, therefore,
only represents the systematic risk. In addition, equation (2.4.1) and equation
(2.4.2) show that by combining different risky assets with different weights
and correlations, we can construct portfolios with different expected rates of
returns and standard deviation. The curve that contains all these possible
combinations is referred to as the Markowitz efficient market frontier as
shown in Figure 2.4.1.

Figure 2.4.1: The Markowitz efficient market frontier
This Efficient frontier represents “the sets of portfolios that have the
maximum rate of return for every given level of risk or the minimum risk for
every level of return” (Reiley and Brown 2012, 198). In Figure 2.4.1, portfolio A
and portfolio B are on the efficient frontier and realize their maximum rate at
corresponding levels of risk, while portfolio C is not. Thus, we can observe
that portfolios A and C have the same expected rate of return, but portfolio A
has a lower level of risk. On the other hand, portfolios B and C have the same
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level of risk, but portfolio B has a higher expected return. As a result, investors
will try to target portfolios that are on the efficient frontier based on their level
of risk tolerance.

2.5

The Capital Asset Pricing Model

The Capital Asset Pricing Model (CAPM), developed in the 1960s, is a
framework for the question of how the risk of an investment affects its returns.
The CAPM model has extended the portfolio theory by developing a model to
evaluate all risky assets.
The definitions in the portfolio theory regarding risky assets and expected
return are also employed in the CAPM model. The CAPM model also
introduces the risk-free asset, which has no risk and a standard deviation of the
expected return of 0. The return earned on this free asset is called the risk-free
rate (RFR). In reality, we usually use government bonds to estimate this RFR
because Treasury securities are backed by the full faith of the U.S government,
and the Fed could print money and raise taxes to pay off its obligation.
To derive the CAPM, we first need to understand The Capital Market Line,
which explains the risk-return relationship for a portfolio that contains the
risk-free asset and the market portfolio. Assume that we are looking at two
different assets: one risky asset j and the risk-free asset i. The covariance
between the return of these two assets is:
Covi,j = i = 1n[Ri − E(Ri)][Rj − E(Rj)]
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Since Ri − E(Ri ) = 0 (the return of the risk-free asset is certain), the

covariance of a risk-free asset with any risky assets is equal to 0. Similarly, if
we look at the formula for correlation between two assets: ri, j = Covi, j /σi σ j , we
will see that the correlation between a risk-free asset and other risky assets is 0.
Thus, the return of a risk-free asset is not correlated with the return of any
risky assets. Let’s consider the expected return and risk of a portfolio P that
combines the risk-free asset with a portfolio of risky asset M on the Markowitz
efficient frontier. The equation for the expected return of portfolio P is shown
below.
E(RP ) = wRF .RFR + (1 − wRF )E(RM )
where wRF is the weight of the risk-free asset. The standard deviation (risk) can
be calculated as follows:
σ2p = wRF 2 .σ2RF + (1 − wRF )2 .σ2M + 2wRF .(1 − wRF ).rRF,M .σRF .σM

(2.5.1)

Since rRF,M and σRF are equal to 0, we can rewrite equation (2.5.1) as:
σ2p = (1 − wRF )2 .σ2M
σp = (1 − wRF ).σM
The risk-return relationship of this portfolio can be developed as follows
(Rilley and Brown 210):
E (RP ) = wRF .RFR + (1 − wRF ) E (RM ) = wRF .RFR + (1 − wRF ) E (RM ) + (RFR − RFR)
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E (RP ) = RFR − (1 − wRF ) RFR + (1 − wRF ) E (RM )
E (RP ) = RFR + (1 − wRF ).[E (RM ) − RFR]
E (RP ) = RFR + (1 − wRF ) . (σM /σM ) . [E (RM ) − RFR]
Substitute (1 − wRF ).σM with σp , we have:
"

E (RM ) − RFR
E (RP ) = RFR + σp .
σM

#
(2.5.2)

Thus, equation (2.5.2) suggests that by combining the risk-free asset with a
portfolio of risky assets, investors will earn the rate of return equals to the RFR
plus some additional return as compensation for their accepted risk. This
compensation is referred to as the risk premium. This risk-return relationship
is the same for all combinations of a risk-free asset and a portfolio of risky
assets. If we assume that portfolio M is the market portfolio that contains all
available risky assets and has the highest expected return per unit risk,
equation (2.5.2) becomes the capital market line. Figure 3.4.1 shows the
Capital Market Line (CML) and the Markowitz Efficient Frontier. From this
figure, we can see that the portfolio constructed using a risk-free asset with the
market portfolio would have a higher expected return on the same level of risk
than any other portfolio.
The market portfolio contains all available risky assets, thus the
unsystematic risk (or unique risk) of this portfolio has been diversified.
Therefore, the measurement of risk for this portfolio in equation (2.5.2), which
is σp , only contains the systematic risk that is not diversifiable. If we use this
standard deviation as a measurement of risk for individual risky assets,
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Figure 2.5.1: The capital market line (CML) and the Efficient Frontier

however, it will contain both systematic risk and unsystematic risk of these
individual assets. Thus, we cannot use the capital market theory to explain the
risk-return relationship for individual risky assets. The CAPM model solves
this problem by using another measurement of risk, which represents just the
systematic portion of the risk for individual risky assets. This measurement is
called the Beta coefficient.
To capture only the systematic risk of an individual asset i, the CAPM
multiplies this asset’s standard deviation of return σi with the correlation
between this asset and the market portfolio ri,M . Implementing this
measurement of systematic risk into the CML equation gives us:
E (Ri ) = RFR +

σi .ri,M
[E (RM ) − RFR]
σM
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Or
E (Ri ) = RFR + βi [E (RM ) − RFR]

(2.5.3)

The beta coefficient (βi ) captures the relative systematic risk of individual asset
i in comparison to the market. If an asset’s beta coefficient is equal to 1.3, we
can say that its systematic level of risk is 30% higher than the average of the
entire market. Equation (2.5.3) is called the Security Market Line and is shown
in Figure 2.5.2. The major difference between the CML and the SML is that the
CML illustrates the risk-return relationship for portfolios of the market
portfolio and riskless asset while the SML illustrates the risk–return
relationship for individual risky assets. These two lines also use different
measurements of risk: The CML uses the overall risk of the portfolio (the
standard deviation), while the SML only uses the undiversifiable risk (beta).

Figure 2.5.2: The Security Market Line - obtained from ”Investment Analysis
and Portfolio Management” (Reilley and Brown 2012)

Thus, the CAPM suggests that the expected return of an asset can be
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expressed as the sum of the expected risk premium and the risk-free rate. To
calculate the risk premium for each stock, the model scales the market risk
premium by a factor that reflects the stock’s level of systematic risk compared
to the market average. The CAPM has provided a measurement for systematic
risk, the Beta coefficient, and a framework to explain how risk can affect assets’
returns. Keep in mind that since the unsystematic risk can be diversified away
in a well-constructed portfolio, the portfolio theory and CAPM only take into
account the systematic risk of assets when constructing a model explaining the
assets risk-return relationship.

2.6

The Black-Scholes Formula

In the previous section, in the discussion of the CAPM, we have covered the
theoretical framework for evaluating the expected return of securities.
However, valuing the price of an option is more complicated. Since options
are financial derivatives, options price and their trading activities are based on
other securities. In 1973, in their article “The Pricing of Options and Corporate
Liabilities”, Fischer Black and Myron Scholes introduce a model to calculate
the appropriate value of an option. In their model, the authors have derived a
formula, the Black-Scholes formula, that can compute the value of an option
by taking several variables as inputs. These inputs are current security price,
exercise price (strike price), time to expiration, risk-free rate, and security price
volatility. The Black-Scholes formula to calculate the price of a Call option is as
follows:
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√
C = SΦ(w) − Ke−rt Φ(w − σ t)
rt + σ2 t/2 − log(K/S)
with w =
σt
In this formula, C is the price of the call option, S is the current security
price, K is the exercise price, t is the time to expiration, r is the risk-free rate,
and σ is the security price volatility. From the Black-Scholes formula, we can
observe the general properties of the relationship between the variables and
the call option’s value. As S becomes larger, C also increases, reflecting a
general assumption that the higher the stock price, the greater the option value
becomes. The difference between the strike price and the stock price also has a
major impact on the option value: C decreases as K increases. This
relationship is due to the fact that the higher the strike price is relative to the
current price, the lower chance that the option will expire in-the-money. The
formula also reflects the relationship between the time to expiration and
√
option value. As t increases, Ke−rt Φ(w − σ t) decreases, and C increases. This
relationship is reasonable since a longer time to the expiration date will give
the stock price more chances to exceed the strike price. In addition, as σ
√
increases, Φ(w − σ t) decreases, leading to an increase in C, indicating that
options with high volatility in the underlying security’s price will have a
greater value. Since stock prices with higher volatility will have a higher
probability of exceeding the strike price, there should be a positive
relationship between volatility and the option price.
The Black-Scholes formula also gives investors a way to estimate
securities’ volatility without using historical price movements. In reality, we
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can already observe the current price of options (C), time to expiration (t), and
the strike price (K) by looking at the options market. We can also obtain the
underlying stock price (S) from the stock market and the risk-free rate (r) from
government bonds. Thus, all variables in the Black-Scholes formula, except for
volatility (σ), are known. Using these variables, we can calculate the level of
volatility (σ∗) that makes the option value, calculated from the Black-Scholes
formula, equals to C. This level of volatility is referred to as the implied
volatility. This implied volatility is known as the investors’ expected volatility
of the stock, inferred from current market prices. According to Reilley and
Brown (2012), there exists no mathematical solution for this calculation of
implied volatility, and the only way that we can estimate this implied
volatility is by using a search routine with computational tools. Thus, the
calculation of implied volatility will not be discussed in this paper.

The Black-Scholes formula is popular to investors with its convenient in
computation (Reilley and Brown 2012, 344). Although the formula is applied
to European options, it still provides useful insights into estimating the
volatility of a security. In our study, due to the limitation of historical options
trading data, we will not use the Black-Scholes formula to compute stocks’
implied volatility. Rather, we will employ already computed implied volatility
data from our data sources. However, it is still our interest to investigate the
mathematical rationale as well as the derivation of the model. Thus, the
derivation of the Black-Scholes formula will be presented in Chapter 3 of our
paper.
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Conclusion

This chapter has provided important theories that are relevant to our research
topics. First, using the utility function, the utility theory explains an
individual’s attitude toward risk base on their risk preference. Moreover, the
concept of risk-averse discussed in this theory is one of the assumptions of the
portfolio theory. Second, the efficient market hypothesis suggests that we
cannot use historical information to archive abnormal returns in the long run.
This hypothesis indicates that the only way to generate higher returns, in the
long run, is to purchase riskier investments. Next, the chapter studied the
portfolio theory, which quantifies risk using the variance in assets’ returns.
This perception of risk led to the fourth topic of the capital asset pricing
model. This section explains the risk-return relationship by calculating
expected return as a function of systematic risk and the market expected
return. Overall, these theories suggest that risk should be positively correlated
with returns. Finally, the chapter introduced the Black-Scholes formula and
how it is used to calculate options’ value.
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Chapter 3
Derivation of the Black-Scholes
Formula
3.1

Introduction

In the previous chapter, we have briefly introduced the Black-Scholes formula
and its application in calculating option value and implied volatility. This
chapter will focus on introducing the mathematical concepts that are needed
to understand and derive the Black-Scholes formula. The chapter begins with
famous mathematical models of stock prices, the Brownian motion. The
Brownian motion builds the foundation for the geometric Brownian motion, a
mathematical process that is more reasonable to model the stock price. Next,
we introduce the arbitrage theory, which is widely known for its application in
asset pricing. The discussion of the arbitrage theory led to the discussion of
the multiperiod binomial model, a simple model for stock price changes. In
the fifth section, we discuss the relationship between the geometric Brownian
31
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motion and the multiperiod binomial model. Finally, by combining the
geometric Brownian motion, the multiperiod model, and the arbitrage
theorem, we derived the Black-Scholes formula in the last section. The
explanation of the mathematical concepts as well as the derivation of the
Black-Scholes model provided in this chapter is obtained from ”An
Elementary Introduction to Mathematical Finance” (Ross 2011).

3.2

Brownian Motion

For a long time, mathematicians and investors have tried to model the
behavior of stock prices. The geometric Brownian motion, which is a
stochastic process, is the most common model used to simulate the behavior of
the stock prices. Since one of the key assumptions of the Black-Scholes model
is that stock prices follow a geometric Brownian Motion, it is important for us
to be familiar with the concept of geometric Brownian Motion before we can
derive the Black-Scholes model.
Before going into details about the geometric Brownian motion, we first
need to understand the concept of the Brownian motion. Suppose that we are
observing a process over time (stock prices, for example) with each stage of
the process denoted as X(t) and the time denoted as t. The process, which is a
collection of random variables X(t), is said to be a Brownian motion if it
satisfies certain conditions. The formal definition of the Brownian motion is as
follows (Ross 2011):
Definition 3.2.1. A Brownian motion with drift parameter µ and variance parameter
σ2 is a collection of random variables X(t), t > 0 that satisfies the following properties:
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1. X(0) is a constant
2. X(t + y) − X(y) is independent of the process values up to time y and follows a
normal distribution with mean µt and variance tσ2
If we apply this process in modeling the price of a stock, we see that
condition 1 is satisfied since we already know the current price X(0) of the
stock. In addition, condition 2 states that the absolute change in stock price at
a given period of time is random and independent of the past values of the
stock price. This condition is consistent with the Efficient Market Hypothesis,
which suggests that in an efficient market, price should follow a random walk,
and we cannot use past information to predict the future change of stock price.
Condition 2 also suggests that the longer the period of t, the larger the change
in price might be since both the mean and variance of change in stock price are
increasing functions of t. This assumption is appropriate if we consider the
fact that stock price is likely to change more over a longer period of time.
However, the Brownian motion also has some limitations when it comes to
modeling stock prices. The idea that the distribution of the change in stock
price at a period is independent of the stock price value at the beginning of
that period is not reasonable. For example, a decrease of $10 when the stock
price is at $40 would be a 25% decrease. Thus, such price movement should be
more likely to happen than a decrease of $10 when the stock price is at $20, a
decrease of more than 50%. The Brownian Motion, however, would assume
that both of these decreases have the same probability of happening.
Another issue in modeling stock price with the Brownian motion lies in
the stock price distribution. Suppose that the current stock price at time t is
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X(t). Because the absolute change in stock price follows a normal distribution
that is independent of the current price value, there is a possibility that a
negative change with a magnitude greater than X(t) will occur, resulting in a
negative value in the stock price. Thus, the second condition of the Brownian
Motion is questionable since it suggests that stock prices can become negative
theoretically (Ross 2011).

3.3

Geometric Brownian Motion

Definition 3.3.1. If X(t), t > 0 is a Brownian motion process with drift parameter µ
and variance parameter σ2 , a geometric Brownian motion is defined as S(t) where:
S(t) = eX(t) , t > 0

(3.3.1)

This geometric Brownian Motion is said to have the drift parameter µ and variance
parameter σ2 .

Let us consider the change in stock price between time y and time t + y
modeled by the geometric Brownian Motion. The stock price would be S(y) at
time t and S(t + y) at time t + y. Taking the log of both sides of equation (3.3.1),
we can observe the relationship between the change in stock price and the
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Brownian motion more clearly:
S(t) = eX(t)
log(S(t)) = X(t)
log(S(t + y)) − log(S(t)) = X(t) − X(t + y)
!
S(t + y)
log
= X(t) − X(t + y)
S(t)

(3.3.2)

Since X(t) follows a Brownian motion, equation (3.3.2) implies that the percent
change in stock price between time t and time t + y, which is represented by
 S(t+y) 
the expression log S(t) , follows a normal distribution with mean µt and
variance tσ2 and is independent of the value of the process. Thus, under the
geometric Brownian Motion, the percentage change in stock price, instead of
the absolute change, is independent of the stock price. Therefore, a 50%
decrease in the stock price would be less likely to happen than a 25% decrease
in the stock price. In addition, the previously mentioned problem in using the
Brownian motion regarding negative stock price is also addressed in the
geometric Brownian motion. This is because of the definition of the geometric
Brownian Motion. Since the stock price, represented by S(t), is modeled using
an exponential function, the geometric Brownian Motion does not allow
negative stock price to happen.

We can also rewrite the form of the geometric Brownian motion’s equation
to better understand how the stock price is modeled. If we denote S as the
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initial price of the stock at time 0, then from equation (3.3.2), we have:
!
S(t)
log
= X(t) − X(0)
S

(3.3.3)

Since X(t) follows a Brownian Motion, from Definition 3.2.1, we know that
X(t) − X(0) follows a normal distribution with mean µt and variance σ2 t. Let Zt
represents this random variable and W be the standard normal distributed
random variable:
Zt ∼ N(µt, tσ2 )
Zt − µt ∼ N(0, tσ2 )
Zt − µt
∼ N(0, 1)
p
(t)σ
Zt − µt
=W
p
(t)σ
√
Zt = µt + σ tW

We can rewrite equation (3.3.3) as:
!
S(t)
log
= Zt , Zt ∼ N(µt, tσ2 )
S
S(t)
= eZt
S
√
S(t)
= eµt+σ tW , W ∼ N(0, 1)
S
Thus, using the geometric Brownian motion, the stock price movement can
be modeled as:
S(t) = Seµt+σ

√
tW

,

W ∼ N(0, 1)

(3.3.4)
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In this model, µ represents the growth rate of the stock, W represents
unpredictable events that lead to random changes in the stock price, and σ
represents the volatility that goes with these changes. The geometric Brownian
Motion is used along with the binomial model (which will be introduced in
the Multiperiod Binomial Model section) to derive the Black-Scholes formula.

3.4

The Arbitrage Theorem

The arbitrage theorem is widely known in finance for its application in asset
pricing. This theorem is also applied in the derivation of the Black-Scholes
formula. Generally, the main idea behind the application of the arbitrage
theorem in finance is that if the market is efficient, there should be no
opportunities to make risk-less profits from investment in the market. These
opportunities are known as arbitrage opportunities, and the pricing of assets,
as well as the probability distributions of asset returns, should be set such that
there exist no such opportunities. This is also the rationale for using the
arbitrage theory to calculate the appropriate price of asset options (like in the
case of the Black-Scholes formula).
The arbitrage theorem can be best explained using the betting example.
Thus, let us consider a bet that might have m different outcomes. There are n
different wagers to bet on. Let ri j denotes the return rate for wager
i(i = 1, 2, .., n) if outcome j( j = 1, 2, . . . , m) happens. Let xi denotes the amount
of money that is bet on wagers i, then the vector x = (x1 , x2 , ..., xn ) illustrates the
amount of money that is bet on each wager and is called a strategy. Thus, the
return of this strategy x if outcome j happens is calculated by the following

38

CHAPTER 3. DERIVATION OF THE BLACK-SCHOLES FORMULA

formula:
return(x, j) =

n
X

xi ri j

i=1

Let p j ( j = 1, 2, . . . , m) be the probability that outcome j happens, and the vector
p = (p1 , p2 , ..., pm ) represents the probability for all outcomes.
The arbitrage theorem states that either of the following must be true:

• There exists a risk-neutral probability vector p = (p1 , p2 , ..., pm ) such that:
m
X

p j ri j = 0 for all i = 1, 2, ..., n

j=1

Or

• There exists a strategy x = (x1 , x2 , ..., xn ) such that:
n
X

xi ri (j) > 0 for all j = 1, 2, ..., m

i=1

In other words, this theorem says that either there is a set of probabilities that
make the bet fair (the expected return of each wager is 0) or there is a betting
strategy that will guarantee a win. The proof for the arbitrage theorem can be
found in ”An Elementary Introduction to Mathematical Finance” (Ross 2011).
In the next sections, we will investigate how this theory can be applied to find
a probability distribution of stock price movements so that there exists no
stock trading strategy that guarantees a profit.
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The Multiperiod Binomial Model

The multiperiod binomial model is a simple way to model the change in the
price of a stock. The model does this by dividing the observing time into
multiple individual periods, and in each period, the stock price has a chance of
going up or going down by a value.
Suppose we are looking at a stock with the initial price of S(0) = S at time 0
and S(t) at time t. In addition, there are a total of n periods between time 0 and
time t. The multiperiod binomial model assumes that at each period, the stock
price can either go up by a factor of u or decrease by a factor of d. Thus, at time
t, the price of the stock will either be uS(t − 1) or dS(t − 1). We can use a vector
X = (X1 , X2 , ..., Xn ) to represents the change of the stock for the whole n
periods, with:






1 if the stock increases by a factor of u
Xi = 




0 if the stock decreases by a factor of d

(3.5.1)

Let’s consider a strategy x = (x1 , x2 , ..., xn−1 ) (xi = 0, 1) that purchase a stock
at time n − 1 if Xi = xi for all i = 1, 2.., n − 1 and immediately sell that stock at
time n. The purchase price of the stock is S(n − 1). If we denote the nominal
interest rate for each period as r, then the present value of the future stock
price at time n − 1 will be

uS(n−1)
1+r

(if the stock goes up) or

dS(n−1)
1+r

(if the stock goes

down). Let α be the probability that the stock will be purchased at time n − 1
and p be the probability that the stock will goes up from period n − 1 to period
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n, the expected return of the strategy can be calculated as follows:
ER(X) = α [p

uS(n − 1)
dS(n − 1)
+ (1 − p)
− S(n − 1)]
1+r
1+r

According to the arbitrage theorem, in order to have no arbitrage
opportunities, the expected return on this bet must equal 0. Thus, we can use
this condition to calculate the probability that will leave no arbitrage
opportunity from strategies on the stock that we are modeling:
ER(X) = 0
α [p

dS(n − 1)
uS(n − 1)
+ (1 − p)
− S(n − 1)] = 0
1+r
1+r

Factoring out α and S(n − 1), we get:
pu
(1 − p)d
+
=1
1+r
1+r
pu + (1 − p)d = 1 + r
pu + d − dp = 1 + r
p(u − d) = 1 + r − d
p=

1+r−d
u−d

(3.5.2)

Thus, according to the arbitrage theorem, the only probability p that does not
allow a profit guarantee strategy is p =

1+r−d
.
u−d

This probability would be used

in combination with the geometric Brownian motion to derive the
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Black-Scholes formula.

3.6

The Relationship Between the Multiperiod
Binomial Model and the Geometric Brownian
Motion

In the last section, we have discussed how we can apply the arbitrage theorem
to find a probability distribution for the multiperiod binomial model of stock
so that there would be no arbitrage opportunity in the market. In this section,
we will illustrate how this probability can be applied to the geometric
Brownian Motion by discussing its relationship with the multi-period binomial
model. In the previous section, we have shown that the multiperiod binomial
model models stock price changes from time 0 to time t by dividing this time
period into n smaller periods. Let ∆ =

t
n

represents the time interval of this

model. In this section, we will prove that as ∆ approaches 0, the price changes
in the multiperiod binomial model converge to the geometric Brownian
motion. This relationship can be demonstrated by the following proposition:
Proposition 1. Let X be a stock that, for every small increment of time ∆ = nt , the
stock either:
• Goes up by a factor of u = eσ

√
t/n

• Goes down by a factor of d = e−σ

with probability p = 12 (1 +
√
t/n

µ
σ

√
t/n)

with probability 1 − p = 21 (1 −

µ
σ

√
t/n)

As ∆ approaches 0, the stock follows a geometric Brownian Motion with drift
parameter µ and variance parameter σ2 .
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Proof. Let Xi be a random variable that expresses the movement of a stock at
time interval i(i = 0, 1, .., n − 1) such that:






1
Xi = 




−1

if the stock increases at time i∆

(3.6.1)

if the stock decreases at time i∆

Let S(0) = S denotes the initial stock price. The stock price at time t would
be:
S(t) = Seσ

√
√
∆X1 σ ∆X2

e

S(t) = S.e

...eσ

√

∆Xn

√ t/∆
P
σ ∆ Xi
i=0

(3.6.2)

Furthermore, the mean and variance of Xi can be calculated as follows:
E[Xi ] = 1p + (−1)(1 − p)
= 2p − 1
µp
= (1 +
t/n) − 1
σ
µ√
=
∆
σ
Var(Xi ) = E[Xi 2 ] − E[Xi ]2
= 1 − (2p − 1)2
√ t/∆
P
Let Z = σ ∆ Xi . From the Central Limit theorem (Ross 2011, 29), we know
i=0

that as ∆ approaches 0,

t/∆
P

Xi should converge to a normal random variable.

i=0

Hence, the multiple of this normal random variable, which in this case is Z,
should also follow a normal distribution. The mean and variance of this
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variable can be calculated as follows:
t/∆
√ X
E[Z] = E[σ ∆
Xi ]
i=0
t/∆
√ X
E[Xi ] (Property of expected value1 )
=σ ∆
i=0

√ t µ√
=σ ∆
∆
∆σ
= µt
t/∆
√ X
Xi ]
Var[Z] = Var[σ ∆
i=0

= σ2 ∆

t/∆
X

Var[Xi ] (Property of variance2 )

i=0

= σ2 ∆

t/∆
X

1 − (2p − 1)2

i=0

t
= σ2 ∆ (1 − (2p − 1)2 )
∆
= σ2 t[1 − (2p − 1)2 ]
As ∆ approaches 0, p goes to 21 , and Var[Z] approaches σ2 t. Thus as ∆ goes to
0, Z converges to a normal random variable with mean µt and variance σ2 t.
The stock price at time t will follow a process such that:
S(t) = SeZ ,
S(t) = Seµt+σ

ZN(µt, σ2 t)
√
tW

,

W ∼ N(0, 1)

(3.6.3)

We can see that equation (3.6.3) is similar to equation (3.3.4) of the stock price
1
2

Property of expected value: E[cX] = cE[X], where c is a constant, X is a random variable
Property of variance: Var[cX] = c2 Var[X], where c is a constant, X is a random variable
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modeled by the geometric Brownian motion with drift parameter µ and
variance parameter σ2 . Furthermore, the percentage change in the stock price
in the multiperiod binomial model is also independent of the process value at
the beginning of the period. Therefore, as ∆ approaches 0, the process
converges to a geometric Brownian motion with drift parameter µ and
variance parameter σ2 .



Thus, when we use the multiperiod binomial model to model the stock
price, as the time interval for each period approaches 0, the stock price follows
a geometric Brownian motion. Now, let us consider the binomial model of
stock mentioned in Proposition 1 again, where at each time interval, the stock
√
µ √
can either go up by a factor of u = eσ t/n with probability p = 12 (1 + σ t/n) or
decrease by a factor of d = e−σ

√
t/n

with probability 1 − p. From the Arbitrage

Theorem Section, we saw that with the constant nominal interest rate r for
each period, the only probability p that does not allow any arbitrage
opportunity in the market is:
√

1 + rt/n − d 1 − e−σ t/n + rt/n
p=
=
√
√
u−d
eσ t/n −e−σ t/n
Using the Taylor series expansion for exponential functions, we can
express the terms in equation (3.6.4) as follows:
eσ

√
t/n

√

e−σ

t/n

p
≈ 1 + σ t/n + σ2 t/2n
p
≈ 1 − σ t/n + σ2 t/2n

(3.6.4)
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Thus:
√
σ t/n − σ2 t/2n + rt/n
p≈
√
2σ t/n
√
√
1 r t/n
t/n
−
= +
2
2σ
4
!
2
p
1
r − σ /2
=
1+
t/n
2
σ
From Proposition 1, we also assume that p = 12 (1 +

µ
σ

√
t/n). Thus, from the

above equation, we can see that µ = r − σ2 /2. Thus, as ∆ =

t
n

approaches 0, this

binomial model converges to a geometric Brownian Motion with drift
parameter µ = r − σ2 /2 and volatility parameter σ. Therefore, if the price of the
stock follows a geometric Brownian motion with volatility parameter σ, the
drift parameter of this motion needs to be equal to r − σ2 /2 in order to not
allow any arbitrage opportunity from stock buying strategies.

3.7

The Black-Scholes Formula

In previous sections, we have investigated how stock price can be modeled
using the geometric Brownian motion and the multiperiod binomial model.
We also discussed the assumption on the probability distribution of stock price
changes so that there is no arbitrage opportunity in the market. In this section,
we will use these models and assumptions to derive the Black-Scholes
formula, which allows us to calculate the implied volatility of an option.
Suppose that a call option has strike price K and time to expiration t. Let S
be the current underlying stock price, and r be the nominal interest rate.
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Assuming that the underlying stock price follows a geometric Brownian
motion, the previous sections have shown that the risk-neutral probability law
for this motion is with a drift parameter r − σ2 /2 and volatility parameter σ.
Let S(t) denotes the stock price at time t, which is also the stock price at the
expiration date. Since S(t) follows a geometric Brownian motion with drift
parameter r − σ2 /2 and volatility parameter σ, we can write S(t) as:
S(t) = SeZt ,

Zt ∼ N((r − σ2 /2)t, tσ2 )

S(t) = Se(r−σ /2)t+σ
2

(3.7.1)

√
tW

,

W ∼ N(0, 1)

(3.7.2)

The gain on the call option at the expiration date is either S(t) − K if
S(t) > K or 0 if S(t) < K. We use (S(t) − K)+ to denote this gain value. Thus, the
expected gain on this call option on the expiration date is E[(S(t) − K)+ ]. The
appropriate price C for this call option would be the expected gain on the
expiration date discounted back to the present using the present value formula
with nominal interest rate r:
C = e−rt E[(S(t) − K)+ ]
To be able to calculate the expected value of (S(t) − K)+ , we need to
investigate the condition for S(t) to be greater than K. This condition is
illustrated in Lemma 1.
√
Lemma 1. S(t) > K if and only if W > σ t − w
where
w=

rt + σ2 t/2 − log(K/S)
σt

(3.7.3)
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Proof.
S(t) > K
From equation (3.7.2), we have:
eµt+σ

√
tW

>

K
S

where µ = (r − σ2 /2)t. Taking the natural logarithm of both sides of the
inequality:
√
µt + σ tW > log(K/S)
√
(r − σ2 /2)t + σ tW > log(K/S)
log(K/S) − (r − σ2 /2)t
W>
√
σ t
−(rt + σ2 t/2 − log(K/S)) + σ2 t
W>
√
σ t
Substitute

rt+σ2 t/2−log(K/S)
σt

with w, we have:
√
W >σ t−w



Let g(x) denotes the standard normal probability density function, and
Φ(x) denotes the standard normal cumulative distribution function. The
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expected value of (S(t) − K)+ can be calculated as:
∞

Z

+

(S(t) − K)+ g(x)dx

E[(S(t) − K) ] =
+

Z−∞
c

E[(S(t) − K) ] =

∞

Z

+

(S(t) − K)+ g(x)dx

(S(t) − K) g(x)dx +

(3.7.4)

c

−∞

where
√
c=σ t−w
From Lemma 1, we know that W > c if and only if S(t) > K. Thus, when
W ≤ c, S(t) ≤ K, and (S(t) − K)+ = 0. Therefore, we can rewrite equation (3.7.4)
as:
Z

+

c

E[(S(t) − K) ] =

∞

Z

(S(t) − K)+ g(x)dx

0g(x)dx +
c

Z−∞
∞
=

(S(t) − K)g(x)dx
Z ∞
Z ∞
=
S(t)g(x)dx −
Kg(x)dx
c

c

Let A =

R∞
c

S(t)g(x)dx and B =

c

R∞
c

Kg(x)dx. Then, E[(S(t) − K)+ ] = A − B.

Now, we will calculate A and B separately:
Z

∞

√
1
2
2
Se(r−σ /2)t+σ tx √ e−x /2 dx
2π
c
Z ∞
√
1
2
2
= √ Se(r−σ /2)t
e−(x −2σ tx)/2 dx
2π
c
Z ∞
√
1
2
2
= √ Sert
e−(x −2σ tx+σ t)/2 dx
2π
c
Z ∞
√ 2
1
= √ Sert
e−(x−σ t) /2 dx
2π
c

A=
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√
√
√
√
t. When x = c = σ t − w, y = σ t − w − σ t = −w. Substitute

these variables into A, we have:

Z ∞
1
2
A = Se √
e−y /2 dy
2π −w
Z ∞
1
2
= Sert
√ e−y /2 dy
2π
−w
rt

We see that

2
√1 e−y /2
2π

is the probability density function of a standard

normal distribution. Thus:
A = Sert P{W > −w}
= Sert P{W < w}3
= Sert Φ(w)

We can also rewrite B as follows:
∞

Z
B=

Kg(x)dx = KP{W > c}
c

= KP{W < −c} = KΦ(−c)
√
= KΦ(w − σ t)

Thus:
√
E[(S(t) − K)+ ] = A − B = Sert Φ(w) − KΦ(w − σ t)

(3.7.5)

Substitute equation (3.7.5) into equation(3.7.3), we obtain the Black-Scholes
3

since W is a standard normal random variable, PW > −w = PW < w.
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pricing formula:
√
C = SΦ(w) − Ke−rt Φ(w − σ t)
rt + σ2 t/2 − log(K/S)
with w =
σt
With the Black-Scholes formula, we can calculate the appropriate price of a
call option using five variables: current price of the underlying stock S, strike
price K, time to expiration t, nominal interest rate r, and volatility of the
underlying stock σ. An illustration of the application of the Black-Scholes
formula is shown in the following example:

Example 3.7.1. Suppose that the current market price for a stock price is $60, the
nominal interest rate is 10% per year. The stock has a volatility of 0.20. We want to
calculate the appropriate price for a Call option at a strike price of 70 that expires in 6
months.

The parameters for the Black-Scholes formula in this case would be: t = 0.5
(1/2 year), r = 0.1, K = 70,σ = 0.2 and S = 60. First, we want to calculate w:
0.1 × 0.5 + (0.2)2 × (0.5/2) − log(70/60)
≈ −0.9415
w=
0.2 × 0.5
Thus:
Φ(w) = Φ(−0.9415) ≈ 0.17322434
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Substitute the value of Φ(w) into the Black-Scholes formula, we have:
C = 60 × 0.17322434 − 70 × e−0.1×0.5 × Φ(−0.9415 − 0.2 ×

√
0.5)

= 10.3935 − 70 × 0.9512 × 0.13943
= 1.109693

Thus, the appropriate price for this call option is $1.1.

3.8

Conclusion

We begin the chapter with the introduction of some mathematical concepts
that are necessary for the understanding of the Black-Scholes formula
derivation. We first introduce two famous mathematical models used to
model stock price changes: the Brownian motion and the geometric Brownian
motion. Next, we discuss the arbitrage pricing theory, which is later used for
the derivation of the neutral probability distribution for the price changes in
the multiperiod binomial model. Afterward, we introduce the multiperiod
binomial model, a simple model for modeling the change in stock prices. The
multiperiod binomial model is then connected to the geometric Brownian
motion to derive the Black-Scholes formula. Thus, the chapter has
investigated the mathematical rationale in modeling stock prices and a
detailed derivation of the Black-Scholes model.
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Chapter 4
Literature review

4.1

Introduction

The literature review chapter is divided into 5 sections. In the first section, we
review an article by Fu, Arisoy, Shackleton, and Umutlu (2016), where the
authors test the predictability of 6 different implied volatility measurements
on stock returns. Afterward, we introduce a study by Bali and Hovakimian
(2009), which tests the explanatory power of implied volatility and implied
volatility spreads on cross-sectional stock returns. The third section discusses
the work by Banerjee, Doran, and Peterson (2007). This study investigates the
relationship between implied volatility and future portfolio returns. In the
fourth section, we introduce the study of Govindaraj, Jin, Livnat, and Zhao
(2013) on implied volatility’s predictability on returns around information
events. Finally, in the fifth section, we discuss a famous work by Fama and
French (1992) on the risk factors of expected stock returns.
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4.2

Option-Implied Volatility Measures and Stock
Return Predictability - Fu, Arisoy, Shackleton,
and Umutlu

The information from option implied volatility can be captured using different
measurements. In this article, the authors examine the predictability of 6
different implied volatility measurements on stock returns using two analyses.
The portfolio analysis shows that there is a significant relationship between
stock returns and volatility spreads as well as volatility skew. The
cross-section analysis suggests that volatility skew has the most predictive
power on stock returns.
The implied volatility provided by the options market can be captured in
different ways. We can calculate implied volatility using different types of
options (call and put) as well as moneyness (in-the-money, at-the-money, or
out-the-money). Furthermore, other measurements of implied volatility can be
obtained by combining different types of implied volatility. For example, the
call-put implied volatility spread can be calculated by subtracting the implied
volatility of call options by the implied volatility of put options. According to
the authors, there have been various studies that confirm the relationship of
each measurement on stock returns. In this literature, the authors want to
examine which measurement out-performs others in predicting returns.
For each stock, the authors compute implied volatility measurements
using the average implied volatility of all out-the-money options (IV OTM put
and IV OTM call ), the average implied volatility of all in-the-money options
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(IV ITM put and IV ITM call ), and the implied volatility of at-the-money options
(IV ATM put and IV ATM call ). This method of using all eligible options to calculate
implied volatility is reasonable since we can avoid biases in choosing which
option to employ. However, since our data access is limited, we cannot use the
same method in our study. The measurements that are considered in this
study are: Call-Put implied volatility spread (SPIV), implied volatility skew
(IVSKEW), Above-Minus-Below (AMB), Out-Minus-At (COMA, POMA), and
Realized-Implied Volatility Spread. The calculations and the authors’
hypothesis of these variables are as follows:
CPIV = IV ATM Call − IV ATM Put

The authors hypothesize that higher implied volatility in call or put options
reflects investors’ expectations on the future direction of the stock price. An
expectation of stock price decrease will lead to increase buying of put options,
raising the price for put options, and suggesting higher implied volatility of
put options. Thus, CPIV should be positively correlated with stock returns.
IVSKEW = IV OTM put − IV ATM call

When investors expect a downward movement in stock price, they will buy
more out-the-money put options, leading to an increase in the implied
volatility of these options. In this case, IVSKEW increases, so we would expect
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a negative relationship between IVSKEW and stock returns.
AMB =

(IV ITM put + IV OTM call ) − (IV ITM put + IV OTM put )
2

AMB represents the difference in implied volatility between low strike price
and high strike price options. According to the authors, when investors are
optimistic about the market, AMB should be less negative, and we would
expect a higher return.
COMA = IV OTM call − IV ATM call
POMA = IV OTM call − IV ATM call
When investors are bullish, purchase activity on out-the-money call options
will increase, leading to an increase in IV OTM call and COMA. This is the other
way around with POMA. Thus, we expect a positive relationship between
COMA and returns and a negative relationship between POMA and return.
Another variable that the authors investigate is the realized-implied volatility
spread (RVIV). To compute this variable, they subtract the realized volatility
(the historical volatility of the stock) by the implied volatility of at-the-money
options. The formula for RVIV is as follows:
RVIV = RV − IV ATM

In addition to the implied volatility measures, the study also controls for other
firm-specific factors in its regression model. These factors are chosen based on
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previous studies that have proven their significant relationship with stock
returns. These factors include the log of firm size (Size, book-to-market ratio
(B/MRatio), and momentum effect capture by previous one-month returns
(Pre1MReturn). The study also controls for variables that account for risks
such as beta (MarketBeta) for historical systematic risk or the bid-ask spread
(Bid − askSpread) for liquidity risks. Market Beta is calculated using the
previous months’ daily returns, while Bid-ask Spread is calculated by taking
the average of the bid-ask spread divided by the stock prices over the previous
months. Lastly, the authors control for variables of trading volume including
stock trading volume of the previous month (StockVolume) and options
trading volume of the previous month (OptionVolume).
To investigate the impacts of implied volatility on stock return, the authors
use two different analytical methods: portfolio-level analysis and
cross-sectional analysis. To conduct the portfolio level analysis, for each
volatility measurement, the author divides the stocks into five quintile
portfolios, both equal-weighted and value-weighted. Then, they construct an
arbitrage portfolio by simultaneously shorting the lowest quintile portfolio
and buying the lowest quintile portfolio. The returns on this arbitrage
portfolio are used to investigate the relationship between each volatility
measurement and stock returns.
To conduct the Firm-Level Cross-Sectional analysis, for each month, the
study regresses firms stock returns on previously mentioned explanatory
variables. For each variable, the null hypothesis that the average of its
coefficient across regression of all months is equal to zero is tested to
investigate the significance of the variable’s relationship with returns. The
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analysis is conducted for multiple periods of future returns: one-week,
one-month, and three-month. The authors consider individual models that
included one single option implied volatility measurement first, then
investigate models contain various implied volatility measurement. Since
IVSKEW = POMA–CPIV, the authors did not include all three variables in the
same regression. The full regression equation for the study is as follows:
Return = β0 + β1 CPIV + β2 IVSKEW + β3 AMB + β4 COMA + β5 POMA + β6 RVIV
+ β7 log (Size) + β8 B/MRatio + β9 Pre1MReturn + β10 StockVolume
+ β11 MarketBeta + β12 Bid − askSpread + β13 + 

The study used data from the 1996-2014 period. Financial statement data
is obtained from Compustat, option implied volatility data is obtained from
CRSP, and stock return data is obtained from the Center for Research in
Security Prices. Finally, the authors obtain data on the Fama-French
three-factor model from the online data library of Kenneth French. These are
all reliable data sources and are employed in various studies on option
implied volatility and stock returns.
The results on the portfolio level analysis, for both equal-weighted and
value-weighted portfolios, show that implied volatility measurements that
have a significant relationship with returns are CPIV, IVSKEW, and RVIV.
The mean returns on CPIV are positive, suggesting the call-put implied
volatility spread is positively correlated with returns as expected. Meanwhile,
the mean returns on IVSKEW and RVIV are negative, indicating an expected
negative relationship between these variables and stock returns.
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For the cross-sectional analysis, the result shows that CPIV is significant in
all models and for all three horizons of future return. The coefficients for this
variable are positive, confirming its expected positive relationship with stock
returns. IVSKEW is also significant across all regressions with the negative
sign of coefficients, indicating that this variable is negatively correlated with
stock returns. Other implied volatility measurements are not consistently
significant when used as the only measurements in regressions across various
return periods. However, POMA is significant in all models that include
various implied volatility measurements. The coefficients for this variable are
negative. To compare the importance of IVSKEW, CPIV, and POMA in
predicting stock returns, the authors conduct a regression that includes all
three variables. The result shows that IVSKEW remains significant, while the
other two variables do not. Thus, the authors conclude that IVSKEW is the
most important measurement in predicting returns.

In conclusion, the article introduces different implied volatility
measurements and the rationale for the relationship of these measurements
with stock returns. The results indicate that implied volatility skew is the most
important measurement for predicting stock returns. Also, the put-call
implied volatility spread and out-minus-at measurement of call options also
show significant predictability. We can apply these measurements as well as
the authors’ analysis method in our study of using implied volatility to predict
stock returns.
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4.3

Volatility Spreads and Expected Stock Returns Bali and Hovakimian

The paper by Bali and Hovakimian is another study that investigates the
predictability of volatility on cross-sectional stock returns. In particular, the
article uses both realized and implied volatility in predicting stock returns.
Both portfolio-level and cross-sectional regression methods are employed. In
their study, Bali and Hovakimian did not find a statistically significant
relationship between stock return and level of volatilities. However, the article
has pointed out that volatility spreads are useful in predicting expected stock
return.
The authors hypothesize that expected returns can be explained using the
combination of information obtained from realized and implied volatility. In
addition, a higher call-put implied volatility spread implies that the call option
price is higher, and investors expect that the stock price is moving higher.
Thus, we also expect that stocks with more expensive calls will generate
higher returns, and call-put implied volatility spread should have a positive
relationship with future returns.
The implied volatility measurements that are considered in the study are:
Realized volatility (RVol), implied volatility (IVol), Call implied volatility
(CVol), Put implied volatility (PVol), Realized-Implied volatility spread
(RVol − IVol), and Call-put implied volatility spread (CVol − PVol).
Each month, the authors use the daily returns of the previous month to
estimate realized volatility. To calculate the implied volatility (IVol)
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measurements, the authors take the average of the implied volatility of all
eligible options for the month that we are estimating. This implied volatility is
then matched with the return of the following month. Call and Put implied
volatility (CVol and PVol) is calculated as the average implied volatility
obtained from call options and put options. Afterward, the authors use these
results to compute volatility spread measurements RVol − IVol and
CVol − PVol.
The portfolio analysis method in this study is similar to that of in the article
“Option-Implied Volatility Measures and Stock Return Predictability”. To test
the impact of each implied volatility measure (realized, implied volatility, and
volatility spreads), for each month, all stocks are sorted into quintile portfolios
based on their level of volatility measures. Afterward, the authors calculate
the next month’s value-weighted returns of these portfolios. They also create
an arbitrage portfolio (5-1 portfolio) that short the lowest quintile portfolio and
long the highest quintile portfolio. The t-test statistic on the average return of
this arbitrage portfolio is employed to determine the relationship of implied
volatility measures on stock returns. Moreover, Bali and Hovakimian also use
Jensen’s alpha measurement (calculated using the Fama-French 3 factors) to
examine the performance of the arbitrage portfolios. The alpha measurement
is the difference between the return of a portfolio compared to its expected
return (Reilley and Brown 2012). Usually, this expected return is computed
using models such as the CAPM. In this study, however, the authors use the
Fama and French three factors model to calculate the expected returns.
To test the robustness of the effect of implied volatility spreads, the study
also controls for other cross-sectional effects that have been identified from
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previous studies on stock returns. These factors are size, book-to-market ratio,
bid-ask spread, liquidity, analyst forecast dispersion, etc. To control for these
effects, each month, portfolios are first sorted into quintiles based on these
firm’s characteristics (such as size and book-to-market ratio). Each quintile is
then divided into sub-portfolios based on the quintiles of RVol − IVol or
CVol − PVol.
While the main focus of the paper is on the portfolio-level analysis, it also
conducts an analysis on the firm-level. Bali and Hovakimian’s approach to the
firm-level analysis is similar to that of the study “Option-Implied Volatility
Measures and Stock Return Predictability” (Fu et al. 2016). This method is
known as the Fama-Macbeth regression. The explanation for this regression
method can be found in section 4.2 of our study. The regression equations
used in Bali and Hovakimian’s study are as follows:
Return = β0 + β1 CVol + β2 PVol + 
Return = β0 + β1 RVol − IVol + β2 CVol − PVol + 

Data used in this paper comes from various popular sources that have also
been used in other studies on the same topic. Financial data is obtained from
Compustat, stock returns are obtained from CRSP, and the three Fama-French
factors are obtained from Kenneth French’s website. Data on options is
obtained from Option Metrics. The authors also filter options data by only
including options that will not expire in between 30 days and 3 months and
have no missing implied volatility. They also exclude options that have a
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bid-ask spread that is 50% larger than the average of the bid and ask price.
Only near-the-money options are only considered. Near-the-money option is
defined as options that have the natural log of the ratio between the strike
price and the current price less than or equal to 0.1. Data is available for the
period from January 1996 to December 2004.
The result for realized volatility shows that the average return on the
arbitrage portfolio is -1.18%. This average return is significant economically,
but not statistically. However, the alpha on this portfolio is -1.58% and is
highly significant. For implied volatility measurements (CVol and PVol), both
the average return and alpha for the arbitrage portfolio are not significant.
When used as the only predictor for returns in the Fama-Macbeth regression,
all three variables yield insignificant results. When included in the same
regression, however, RVol and PVol are negatively significant, while CVol is
positively significant. These results suggest that when used alone, implied
volatility levels are not useful in predicting returns. However, they are useful
when used together, indicating that the combination of realized and implied
volatility can have significant predictability on stock returns.
For realized-implied volatility spreads, the authors use both
equal-weighted portfolios and value-weighted portfolios. The average
monthly return for the arbitrage portfolios ranges between -0.59% and -0.63%.
This return is negative and is both economically and statistically significant.
For the Call-Put implied volatility spread, the arbitrage portfolio’s average
monthly return is highly significant and ranges between 1.00% to 1.49%. The
sign of this monthly return is consistent with the expectation of a positive
relationship between Call-Put implied volatility spread and future returns.
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The result for the cross-sectional regression analysis is consistent with the
portfolio-level analysis. These results for implied volatility spreads are still
significant after controlling for other cross-sectional effects that are proved to
be significant by previous studies.
In conclusion, the study finds that the combination of information from
realized and implied volatility can be used to predict expected stock returns.
In particular, both realized-implied and Call-Put volatility spread are shown to
have significant predictability power on expected future returns. Thus, similar
to “Option-Implied Volatility Measures and Stock Return Predictability” (Fu et
al. 2016), the study has provided us with implied volatility measurements that
we can use in our study.

4.4

Predicting Absolute Stock Returns Using
Option Implied Volatilities - Govindaraj, Jin,
Livnat, and Zhao

The article ”Predicting Absolute Stock Returns Using Option Implied
Volatilities” investigates the predictability of implied volatility on the absolute
value of stock returns around binary events. These events are earnings
announcements and the filings of the 10-Q/K form (a quarterly comprehensive
report of company performance and financial). For a long time, investors have
used option contracts to take advantage of their high leverage and protected
down-side risk. While these options contracts can give investors high returns
if they are correct about the price direction, the options market also provides
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us information about the stock volatility. It is well known that binary events
such as earning announcement and the fillings of 10-Q/K form provides
investors with important information about firms. Thus, these events have a
significant impact on stock prices. The study has found that implied volatility
is statistically significant in explaining stock returns, and its predictive power
is greater during firm-specific events.
In the article, the authors mention previous works about option market
activities around information events of firms. The insights from these studies
suggest that there is an increase in option market activities around information
events of firms, and option implied volatility can be used to explain future
realized volatility of securities in the financial market.
To study the relationship between implied volatility and stock returns
around information events, the authors take the 3-day implied volatility
around these events and measure its predictability on absolute return of stocks
3 days around the events. The authors then investigate whether we can use
the increase in implied volatility around these events to make profits through
the straddle options trading strategy, which consists of buying an
at-the-money call option and an at-the-money put option at the same time.
However, since this investigation of the straddle strategy has little relevance to
our study, we will not mention this part in our paper.
There are some assumptions that the authors made in their hypothesis.
First, they assume that stock volatility is constant over time, except for the
3-day period around the earning announcements. The average stock volatility
over the period between t1 and t2 can be obtained from options contracts that
are at-the-money at t1 and has an expiration date at t2 . Another assumption is
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that the daily stock return is independent and follows a normal distribution
during the period from t1 to t2 .

Figure 4.4.1: Timeline and estimation window (Govindaraj et al. 2013)
First, based on the assumptions mentioned above, we can calculate the
annualized 3-day implied volatility as follows:
TIV 2 = σ2high + (T − 3)σ2normal
σhigh =

p
TIV 2 −(T − 3)σ2normal

In these equations, T = t2 − t1 + 1 is the period between t1 and t2 , and IV is
the implied volatility estimated using at-the-money option contracts, which
are call options that have the delta closest to 0.5. σnormal is calculated by taking
the 60-day standard deviation of returns before t1 . σhigh is then multiplied by
the square root of 3/252 to obtain the predicted 3-day volatility (IVOL3). The
authors use 3/252 since there are 252 trading days in a year, and we are
estimating the implied volatility for 3 trading days.
To compare whether the information given by implied volatility adds
explanation power to historical volatility in explaining stock returns, the
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authors construct two volatility measurements based on historical volatility.
The first measurement (HIST) is the 60-day standard deviation of the daily
stock return before t1 . To compare to IVOL3, this number is also multiplied by
the square root of 3/252. The second measurement (STDXRET) is the standard
deviation of the stock 3-day excess returns during the past earning
announcement. The three volatility variables are ranked into five quintiles for
the regression analysis. This method of grouping stocks into volatility ranks
will take into account the level of the stock implied volatility with respect to
the market. The quintile variable has a range of −0.5 and 0.5 (with −0.5 and 0.5
represents the bottom and top quintile, −0.25 and 0.25 represents the second
and fourth quintile, and 0 represents the middle quintile).
The authors use the absolute value of stock returns as the response
variable. This variable (AXRET) is calculated by taking the absolute value of
abnormal returns during the 3 days around earnings announcements (the
same period as IVOL3). To compute the abnormal returns, the authors
compare the stock’s returns to a portfolio of stocks that shares the same
characteristics. These characteristics are equity market value, book-to-market
ratio, and 12-month momentum of stock prices. The abnormal returns are then
obtained by subtracting the buy-and-hold return of the portfolio from the
buy-and-hold return of the stock.
The authors applied the same methodology to study the explanation of
implied volatility for stock excess returns around 10-Q/K fillings events. To
investigate whether the model performs better during firm-specific
information events than on a random given-date, the authors use interactive
dummy variables in their regression analysis. In particular, they select the 40th
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day after earning announcements as pseudo-event dates and use the same
methodology mentioned above to obtain data for these observations. Dummy
variables RDQ and FD, which represent whether an observation is around an
earnings announcement or 10-Q/K filling events, respectively, are then created.
Afterward, they create six interactive dummy variables by multiplying these
two dummy variables by the three measurements of volatility.
Four different regression models (3 for each sample that only contains
observations around earning announcement, 10 Q-K filings and pseudo-event
date, and a pooled sample model that contain all observations) are then tested.
The regression model for the three different sample analysis is:
AXRET = β0 + β1 RIVOL3 + β2 RHIST + β3 RSTDXRET + 

With RIVOL3, RHIST, and RSTDXRET are the variables for the ranked
quintiles of the three volatility measurements. The regression model for all
observations is:
AXRET = β0 + β1 RIVOL3 + β2 RHIST + β3 RSTDXRET + β4 RIVOL3R DQ
+ β5 RIVOL3F D + β6 RHISTR DQ + β7 RHISTF D
+ β8 RSTDXRETR DQ + β9 RSTDXRETF D + 
With the extra variables are interactive terms.
The sample of the study is for the 1996 – 2011 period. This period is
representative of different market conditions since it contains both bull and
bear markets. Data of earnings announcement date, 10K-10Q filing dates, and
returns are obtained from reliable data sources (Compustat, The Center of
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Research in Security Price, and S&P filings date database). The authors use
data from Option metrics for option data. One thing to notice here is that
Option metrics estimate implied volatility by using a model that accounts for
the early exercise and dividend paid. These are the two things that are not
accounted for in the Black-Scholes model. Thus, this estimation of implied
volatility is closer to the actual implied volatility.
For the three different sample regressions, even after control for historical
volatility, the coefficient of RVOL is significant and has the expected positive
sign. This result indicates that implied volatility adds explanatory power to
historical volatility in predicting stock returns, and the higher the volatility,
the higher the absolute value of abnormal returns. One noticeable thing about
the magnitude of RVOL’s coefficient is that this coefficient is higher for
earning announcements and 10-Q/K filings sample than in the sample for
random dates.
For the pooled sample analysis, the coefficients for interactive dummy
variables RIVOL3R DQ and RIVOL3F D are significant. This result indicates
that, compared to a random date, option implied volatility has higher
predictability for stock excess returns around firm-specific information events.
On the other hand, the coefficients for interactive terms of historical volatility
are not significant.
The article contributes to the literature on option pricing around
informational events. The authors have provided evidence that information
about options implied volatility has strong predictability on absolute stock
return around earnings announcement and SEC filings. Thus, although our
study does not concern information events, the finding from this paper still
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provides us with great insights that implied volatility can give information
about stock returns.

4.5

Implied Volatility and Future Portfolio Return Banerjee, Doran, and Peterson

The CBOE volatility index (VIX) is an index created to track the implied
volatility of the S&P 100 index. The article ”Implied volatility and future
portfolio return” investigates whether information from volatility obtained by
the VIX index and innovations, the change in implied volatility, can be used to
predict future returns of stocks. To do this, the authors investigate the
relationship between implied volatility and volatility innovations with future
stock returns. They also look at different types of stock portfolios that are
grouped by characteristics of Market Size, beta, and Book-to-market ratio.
Finally, they control for the Fama French risk factors as well as the Carhart
factors. The results from the model show that implied volatility has
explanatory power on stock returns.
Introduced in 1993, the CBOE volatility index (VIX) is a measure of the
S&P 500 volatility over the period of the next 30 days. This index is calculated
using the implied volatility of options on the S&P 500 index. For a long time,
investors have looked at the VIX for information regarding market risk and
sentiments. The volatility innovations can be understood as the change in
volatility. In this article, the authors refer to this innovation as the change in
the VIX index. They hypothesize that the volatility level obtained from the
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VIX index and innovations have explanatory power on stock returns. The
authors also control for Fama French and Carhart’s common risk factors.
These factors are proven to be significantly related to returns by previous
studies. The Fama French three factors model was introduced in 1992. This
model, which is an expansion of the CAPM, explains stocks’ expected returns
using the market excess return and two additional factors: firms’ size (SMB)
and firms’ book-to-market ratio (HML). Carhart (1997) further expands this
model by including a fourth factor that accounts for price momentum (UMD).
In the article, the mathematical theoretical foundation for the relationship
between future stock returns, implied volatility level, and innovations. This
theoretical foundation, however, is beyond the scope of our study and will not
be mentioned here.
Since the implied volatility and innovations tend to be highly correlated
with each other, we might face the multicollinearity problem if we include
both factors in the model. The reason for this high correlation is because of
their calculation:
volatility innovations = volatility o f this period – volatility o f the previous period.
In the study, the authors introduce a useful method to overcome this issue.
They estimate the regression of implied volatility on innovations and take the
residual as a measure of the VIX level. This regression equation is as follows:
σ2IV,t = α + β∆σ2IV,t + vt

(4.5.1)

In this equation, σ2IV,t represents the implied volatility, calculated by taking
the square of the VIX at time t. ∆σ2IV,t stands for innovations and is calculated
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by taking the change in the square of the VIX at time t. Instead of σ2IV,t , vt ,
which captures the information of implied volatility that is not explained by
innovations, is used as a measure of the “VIX level” to avoid multicollinearity
problem. At each time t, equation (4.5.1) is estimated using available data
through time t, and vt is calculated using the estimated α, β, and observations
at time t of σ2IV,t and ∆σ2IV,t .
To observe how different characteristic-based portfolios respond to
implied volatility and innovations, the authors construct 12 stock portfolios by
grouping NYSE stocks based on beta values, book-to-market ratio (B/M), and
market sizes (ME). ME is defined as the firms’ market value of equity, while
B/M is calculated by dividing the book equity by the market value of equity.
The ME and B/M factors each are divided into two categories with a
breakpoint at the 50th percentile, while the beta values factor is divided into
three categories with two break points at the 30th percentile and 70th percentile.
The intersections of these categories create 12 portfolios with different
characteristics.
The study tests the model for two different holding periods: 30-day and
60-day. According to the authors, the reason for this is that the 30 days is the
VIX’s forecasting horizon of implied volatility, while the VIX has the greatest
predicting power on future returns with the 60-day holding period (based on a
previous study of Giot in 2005).
The authors use available daily data from June 1986 to June 2005. Data on
stocks is obtained from CRSP and COMPUSTAT. The CRSP value-weighted
index is employed as a proxy for the market index. The data of risk-free-rate
and Fama French’s factor is obtained from Kenneth French’s website, and data
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of VIX is obtained from the CBOE website. These are all reliable data sources
and can also be used in our study.
The article tests two different sets of regression equations. The first set of
regression equations only regresses the portfolio returns on the VIX level and
its innovation, while the second set of regression equations controls for the
three Fama French’s factors and the Carhart momentum factor. These
regression equations are as follows:
2
R30
pt = βp + β1,p vt + β2,p ∆σIV,t + p,t

(4.5.2)

2
R60
pt = βp + β1,p vt + β2,p ∆σIV,t + p,t

(4.5.3)

2
30
30
30
30
R30
pt = βp + β1,p vt + β2,p ∆σIV,t + β3,p MKTt + β4,p HMLt + β5,p SMBt + β6,p UMDt + p,t
2
60
60
60
60
R60
pt = βp + β1,p vt + β2,p ∆σIV,t + β3,p MKTt + β4,p HMLt + β5,p SMBt + β6,p UMDt + p,t
60
Where R30
pt and Rpt is the 30-day and 60-day compound excess future return of

portfolio p at time t. These excess returns are calculated by taking the
weight-average return of the portfolios over the holding period minus the
risk-free rate. vt is the previously mentioned measurement for the VIX level.
MKT, HML, and SMB are the variables for the three Fama French factors, and
UMD stands for the Carhart’s momentum factor.
In addition to these regression equations, the authors also test the
predictability of implied volatility and innovations on the S&P 500 index. The
regression equation for this test is the same as equations (4.5.2) and (4.5.3) with
the dependent variables replaced with the 30-day and 60-day holding period
excess returns of the S&P 500.
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The result of the regression of S&P 500 excess returns shows that the

coefficients for vt are positive and significant at a 5% level for both holding
periods. This result indicates that the VIX level is related to S&P 500 future
returns and is consistent with previous studies. The coefficient for ∆σ2IV,t ,
however, is not significant, suggesting that volatility innovation might not be
related to future returns.
The result on the regression equations which only contains vt and ∆σ2IV,t as
explanatory variables shows that, for the 30-day holding periods, 11 out of 12
coefficients for vt are significant. For the 60-day holding periods, all
coefficients for vt are also significant. All 24 coefficients for the VIX level are
positive. In addition, for portfolios that have the same book-to-market ratio
and market size, the magnitude of coefficients for vt increases as beta
increases, indicating that firms with high beta are more responsive to the VIX
level. Most of the coefficients for volatility innovations, on the other hand,
show insignificant results.
After controlling for the Fama French and Carhart factors, only 6 out of 12
coefficients for VIX level are significant for the 30-day holding period. For the
60-day holding period, 5 out of 12 VIX coefficients are significant. All of the
observed significant coefficients belong to portfolios of medium to high beta
levels. The result for innovations is improved for the 60-day returns with 7 of
the 12 coefficients is significant at 5% level or higher. The magnitude for these
coefficients is also higher in portfolios with medium to high beta levels. Most
of the coefficients for Farma French’s and Carhart’s factors are significant at
the 5% level or higher, showing that these factors are important in explaining
stock returns.
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Thus, according to the result, both the VIX level and innovations have
information in explaining future returns of stocks, especially for firms with
high beta value. The VIX level tends to be positively correlated to future
returns since all of the significant VIX coefficients are positive.
Although our study does not examine portfolio returns, the study still
provides us with insight into the relevance of implied volatility to returns in
the stock market. Besides implied volatility, the article introduces an
additional variable that can be useful in explain stock returns: volatility
innovations. Information from both of these variables has been shown to have
predictability power on future stock returns on the portfolio level. Moreover,
the method of grouping stocks into different types of portfolios helps us in
examining the impact of these predictors on stocks with different
characteristics. The result has also confirmed the importance of the Fama
French’s and Carhart’s factors in explaining stock returns, suggesting that we
should control for these factors when examining stock returns on the portfolio
level.

4.6

The Cross-Section of Expected Stock Returns Fama and French

In our discussion of the Capital Asset Pricing Model, we have shown that the
CAPM uses Beta as an explanation of stock returns. In their study, Fama and
French examine the validity of this assumption with their empirical results.
They also introduce different common risk factors that can explain stock
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returns and illustrate empirical results for these factors. These factors are
earning to price ratio, book-to-market equity ratio, firm size, and leverage. In
this study, the examined relationship between risk factors and stock returns is
cross-sectional. In other words, the authors are investigating how these factors
affect the returns across different companies at the same time.
The CAPM model is well-known for its use of Beta values to explain the
relationship between risk and return for risky assets. However, as mentioned
by the authors, several studies in the late 1900s found a lack of statistical
evidence for the relationship between Beta and stock returns. These studies
also point out other factors that might have a relationship with stock returns.
In this study, other than Beta, the risk factors that are considered by Fama and
French are the earning to price ratio (E/P), book-to-market equity ratio
(BE/ME), firm size (ME), and leverage. The earning to price ratio (E/P) is
calculated by dividing the earnings of a company by its market price. Firm
size (ME) is the market value of a firm, calculated by multiplying the stock
price by the number of outstanding shares. The book-to-market equity ratio is
the ratio between a company’s book value of equity and its market value.
One issue in using firms’ financial information to predict earnings is that
firms do not always public their financial statement on time. In the article,
Fama and French mention that although firms are required to file their 10-K
within 90 days after the fiscal year ends, 19.8% of firms do not comply on
average. To address this issue, the authors have used a 6-month delay. In
particular, they use the firm’s financial data at the end of year t − 1 to explains
the returns of the period from July year t to June year t + 1. The financial ratios
E/P, BE/ME, and leverage are calculated using firms’ market equity at the end
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of year t − 1. However, the authors use firms’ market equity in July of year t as
the measurement for firms’ size.
The research’s approach to estimating Beta is also noticeable. According to
Fama and French, Beta estimations are more accurate for portfolios. Thus,
instead of estimating individual Beta for each stock, the authors divide the
stocks into different portfolios, estimate the Beta for each portfolio, then assign
this value for individual stocks. To separate the effect of Size and Beta, the
stocks are divided into 10 portfolios based on their size, using NYSE
breakpoints. Afterward, these portfolios are divided again into 10
sub-portfolios based on individual Beta rankings to account for variations in
Beta that are not related to size. The authors estimate Beta rankings for year t
using data 5 years before year t. They also use the value-weighted portfolio on
AMEX, NASDAQ, and NYSE as a proxy for the market portfolio. The
equal-weighted returns of the stock portfolios are then regressed against the
market returns of both the current month and the prior month, and the sum of
the slope from these two regressions is the estimated Beta.
The regression model used in the research is as follows:
Return = β0 + β1 .β+β2 ln(ME)+ β1 ln(A/ME)+ β1 ln(A/BE)+ β1 (E/P)+ β1 (E+/P)+
(4.6.1)
Where Return is the future monthly return of individual stocks, and Beta is the
portfolio beta assigned to the individual stocks using the previously
mentioned method. ME is the firm market equity value, A/ME and A/BE are
the ratios for firm leverage, and E/P and E+/P are variables for the earning to
price ratio. For each month, the slope coefficients of the regression for

78

CHAPTER 4. LITERATURE REVIEW

equation (3.5.1) are estimated. The average slope and t-statistics of all these
month-by-month regressions are calculated for the explanatory variables. This
method of averaging coefficients across different regressions across time is the
Fama-Macbeth regression method. By running a regression for each time
period, the authors are only considering the cross-sectional effect of risk
factors on stock return. Various studies regarding cross-section of stock
returns, including our first two mentioned literature, also apply the same
method in their analyses. In addition to the full regression model, the study
also runs regressions of monthly returns on every single factor.
The data used in the study is for stocks that are traded on NASDAQ,
NYSE, AMEX. Both data on financial statements and stock returns are
available for the period from (1962-1989) and obtained from the reliable data
source of the Center for Research in Security Prices (CRSP). The average
t-statistic for Beta is insignificant, for both the model that only includes Beta as
the only predictors and the one that includes all factors. This result suggests
that Beta values do not help in explaining stock returns. On the other hand, the
average coefficient for market size shows significant results across all
regression models. The sign of this coefficient is negative, indicating that firms
with higher market value have a lower average return. The results of the
t-statistic on book-to-market equity are also significant, with a positive sign,
suggesting that firms with a higher book-to-market equity ratio provide a
higher average return.
The result of the two leverage factors is interesting. Both of the average
coefficients for these two variables are significant. However, while the sign for
asset-to-market equity ratio (A/ME) is positive, the sign for asset-to-book
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equity ratio (A/BE) is negative. This result, according to the authors, is
consistent with the effect of BE/ME on returns since
ln(BE/ME) = ln(A/ME) − ln(A/BE). The coefficients for E/P are significant in
the model that only used E/P variables as predictors but are not significant
when included BE/ME and ME. Thus, the authors conclude that most of the
effect of E/P on returns can be captured by the book-to-market equity ratio
and firm size.
The result of the study does not support the Capital Asset Pricing Model.
The article provides evidence that the Beta coefficient is not useful in
explaining cross-section stocks return. On the other hand, the article has
confirmed the predictability of two extra risk factors (firm size and
book-to-market equity ratio) on returns. Thus, we should control for these
factors in our study. In addition, we can also employ the Fama-Macbeth
regression used in our study to examine the cross-sectional effect of implied
volatility on stock returns.

4.7

Conclusion

In conclusion, the results from the five studies mentioned in this chapter have
provided us with useful insights for our independent study. The works of Fu
et al. (2016) and Bali and Hovakimian (2009) have shown that option implied
volatility measurements, especially the call-put credit spread, have
explanatory power on stock returns. Moreover, the Fama-Macbeth regression
methods that these studies employed can also be used in our independent
study. The studies by Banerjee, Doran, and Peterson (2007) and Govindaraj et
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al. (2013) also show that option implied volatility has predictability power on
portfolio returns, as well as stock returns around informational events. Finally,
the study by Fama and French (1992) has shown empirical results that do not
support the use of Beta in explaining cross-sectional stock returns. In their
study, Fama and French also introduce two significant variables that we can
control for in our study: firm size and book-to-market equity ratio.

Chapter 5
Empirical Analysis
5.1

Data

Our dataset includes monthly observations of 20 US companies over the two
years of 2019 and 2020. Each month, for each firm, we collected the 30-day
implied volatility (IV30) at the beginning of the month from the database of
the website Market Chameleon. This implied volatility is then matched
against the stock returns of that month, computed using the closing price at
the beginning of month t and month t + 1. The stock price data is collected
from Yahoo Finance. Due to the significance of the call-put implied volatility
spread in previously mentioned studies, we also included the put-call implied
volatility spread (PCSpread) at the beginning of each month in our dataset. The
PCSpread is also obtained from Market Chameleon’s database. This variable is
calculated using the implied volatility of the 25-delta put option and 25-delta
call option.
Other than implied volatility, we also want to control for other
81
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firm-specific factors. In particular, the Book to Market Equity ratio (BME) and
the firm size (captured by the market value of equity) (ME) are considered due
to their significance in Fama & French (1992). For each month t, data on the
book value of equity (BE) for each firm is collected from the QuickFS website.
A point to notice here is that the book value of equity collected is the latest
data available at the beginning of each month. Thus, for example, if a
company releases its financial statement at the end of March, June, September,
and December, then we will use the December Book value of equity for
January, February, and March. The market value of equity at the beginning of
each month is also collected from the Ycharts database. Since BE is measured
in millions of USD while ME is measured in billions of USD, BE is then
divided by ME times 1000 to compute the book to market equity ratio (BME).
We also want to control for the liquidity risk of each firm. The most common
use variable for liquidity risk would be the bid-ask spread. However, due to
the limitation of our data, we decided to use the previous 1-month trading
volume (Volume) as a proxy for the liquidity risk.
The summary statistics of our variables are provided in Table 5.1.1. We can
observe that the average firm size in our data set is $207.536 billion, with the
smallest firm size of $5.768 billion and the largest firm size of $2295 billion.
The average 30-day implied volatility is 29.36%, indicating that the average
expected 1-year standard deviation of change in stock price is about 29.36%
during the period. The distributions of IV30, BE, ME, and BME are
right-skewed, as the median of these variables is smaller than the mean, while
the maximum value is relatively large compared to the mean and median.
Compared to these variables, the 1-month return (R1M) is more evenly
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distributed, with the lowest return is -61.67% and the highest 1-month return
of 47.88%. The reason for such a high absolute return value might be because
we experience a high volatility market environment during the year 2020, as
the Corona pandemic led to a stock market crash around March 2020.

Variable

Min

1st quantile

Mean

Median 3rd Quantile

Max

Unit

IV30

12.94

20.09

29.36

25.72

33.94

128.68

%

BE

2115

15725

56410

31215

65637

271408

$ Million

ME

5.768

39.670

207.536

107.890

240.405

2295.000

$ Billion

BME

0.03132

R1M

-0.6167

0.14594

0.46083

0.26154

0.65337

2.79400

-0.03185

0.01515

0.01438

0.06597

0.47879

%

PCSpread

4.400

0.400

2.606

2.200

3.800

23.800

%

Volume

21590

63100

375600

149400

302900

6280000

Thousand shares/month

Table 5.1.1: Summary statistics of variables

Figure 5.1.1 shows the historical 30-day implied volatility for three
different companies in our data set: Apple (AAPL), US. Bancorp (USB), and
Verizon (VZ). We can observe from the graph that the implied volatility for
these three companies spikes up in February and March of 2020, and then
gradually decrease towards the end of the year. As mentioned above, this
spike up in implied volatility is caused by the Corona pandemic. The
pandemic results in social distancing policies in the US as well as other
countries in the world, leading to various shutdowns in economic activities
and a stock market crash. In this situation, investors expected high volatility
in the stock market, creating a large increase in the implied volatility of the
stock options.
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Figure 5.1.1: Historical 30-day implied volatility of AAPL, USB, and VZ

5.2

Model Specification

Given that our data is a panel dataset, to investigate the relationship between
stock return and implied volatility, we use 2 different regression methods:
fixed-effect model regression and Fama-Macbeth regression. In the fixed-effect
model, we assume that there are time-invariant factors that affect the average
monthly returns of each firm. These factors might come from different
characteristics of companies such as their location, industry, or business
strategies. Thus, to control for these factors, we create a dummy variable for
each firm. Suppose we are measuring the effect of the explanatory variable X
on the dependent variable Y for 20 companies across T different periods. The
general formula for the fixed-effect regression is:
Yit = β0 + β1 Xit + γ2 D2i + γ3 D3i + ... + γ20 D20i + εit

CHAPTER 5. EMPIRICAL ANALYSIS

85

Where Yit is the dependent variable for company i at time t, Xit is the
explanatory variable for company i at time t, and Dni is the dummy variable
for the nth company. γn measures the average difference in Y for each
company. Since we have 20 different firms in our data, 19 dummy variables
are created. By including these dummy variables, we controlled for the
difference in the average return across all companies in the data, and the
regression results would be the average impacts of implied volatility on
monthly stock returns across time.
The Fama-Macbeth regression method has a different approach to the
panel data. By using this method, we are trying to observe the cross-sectional
effect of implied volatility on stock return, which is the impact of implied
volatility on stock returns across different companies at the same point in time.
We want to include this method in our study since it is used by various studies
that investigate the cross-sectional effect of implied volatility (Fu et al. 2016
and Bali and Hovakimian 2019). Suppose we have panel data of T periods for
M different companies, the method includes 2 steps. In the first step, we run T
different regressions, each across M companies at the same period of time:
Yi,1 = β0 + β1 1 X1 i,1 + β2 1 X2 i,1 + ... + βn 1 Xn i,1 + εi,1
Yi,2 = β0 + β1 2 X1 i,2 + β2 2 X2 i,2 + ... + βn 2 Xn i,2 + εi,2
...
Yi,t = β0 + β1 t X1 i,t + β2 t X2 i,t + ... + βn t Xn i,t + εi,t
Where Yi,t is the independent variable for company i at time t, βn t is the
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coefficient for the nth explanatory variable in the regression for time t, and Xn i,t
is the nth explanatory variable for company i at time t. In the second step, the
final coefficient is computed by averaging t different estimated coefficients,
and the standard deviation of these coefficients is used as an estimation for the
sampling errors as well as p-value. For example, the beta coefficient β1 for the
first explanatory variable X1 can be calculated as follows:
T

β1 =

1X
β1 t
T t=1

Due to the significance of the call-put implied volatility spread in the study of
Bali and Hovakimian (2009) and Fu et al. (2016), we also want to investigate
this variable’s explanatory power on monthly stock returns. We want to
observe the impact of the put-call implied volatility spread (PCSpread) and
implied volatility both when they are the only explanatory variable in the
regression equation and when they are used with other controlled variables.
Thus, we want to run 3 regression models for each method:
R1M = β0 + β1 IV30

(I)

R1M = β0 + β1 PCSpread (II)
R1M = β0 + β1 IV30 + β2 PCSpread + β3 BME + β4 log(ME) + β5 Volume (III)
Since the data for ME is highly right-skewed, we will apply a logarithm
transformation for this variable in our regression equation.
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Results

The results for the three models under the fixed-effect model regression
method are presented in Table 5.3.1.
IV30
I

PCSpread

BME

Log(ME)

Volume

0.2816***

R-squared
0.1302

(0.0000)
II

0.0039

0.02834

(0.9834)
III

0.1567***

-0.3539*

-3.170

-1.482***

0.0000

(0.0024)

(0.0582)

(0.5005)

(0.0000)

(0.1538)

0.1821

Table 5.3.1: Regression results for three models using fixed-effect method. Significant level: * - 10%; ** - 5%; *** - 1%. Numbers in parenthesis are p-values.
Model I shows a significant result at the 1% level for IV30, with a p-value
of approximately 0 and a positive coefficient of 0.2816. This result indicates
that for any additional one percent increase in 30-day Implied volatility, the
monthly stock return increases by 0.2816%. In addition, the R-squared for
Model I is 0.1302, which means that IV30 explains 13.02% of the variation in
1-month future stock returns. The result for PCSpread in model II is not
significant with a p-value of 0.9834, suggesting that when used as the only
explanatory variable, the put-call implied volatility spread does not have
explanatory power on future stock returns. IV30 remains significant at the 1%
level in Model III, suggesting that the 30-day Implied volatility has
explanatory power on future stock return even when we controlled for other
firm-specific variables. In Model III, PCSpread is significant at the 10% level
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with a coefficient of −0.3539. This result indicates that although the put-call
implied volatility spread is not useful when used alone, this variable is useful
in predicting stock returns when used in conjunction with other variables, and
a 1% increase in Put-Call implied volatility is associated with a 0.3539%
decrease in future monthly stocks returns, holding everything else constant.
Although not reported in Table 1, the R-squared for the fixed-effect model that
only included control variables is 0.1583, which is 0.238 lower than the
R-squared for Model III is 0.1821. This increase in R-squared in Model III
suggests that implied volatility variables add explanatory power to the
regressions.
The results of the three models under the Fama-Macbeth regression
method are different, however. These results are presented in Table 5.3.2.
IV30
I

PCSpread

BME

Log(ME) Volume R-squared

-0.0526

0.1739

(0.328)
II

0.5942***

0.0748

(0.004)
III

-0.0276

0.4202**

-1.5065

0.2033

0.0000

(0.794)

(0.024)

(0.343)

(0.705)

(0.312)

0.4908

Table 5.3.2: Regression results for three models using Fama-Macbeth method.
Significant level: * - 10%; ** - 5%; *** - 1%. Numbers in parenthesis are p-values.
IV30, when used as the only explanatory variable, is not significant in
Model I. In Model II, PCSpread is significant at the 1% level, with a coefficient
of 0.5942 and a p-value of 0.0028. This result indicates that a 1% increase in the
put-call implied volatility spread is associated with a 0.5942% increase in
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future monthly stock returns. For Model III, IV30 remains insignificant, while
the result for PCSPread is still significant at the 5% level, suggesting that the
put-call implied volatility spread has explanatory power on future monthly
stock returns in the presence of other firm-specific variables. The R-squared
for Model III is 0.4908, which is 0.1751 greater than the R-squared of 0.3257 for
the regression which include only control variables, indicating that implied
volatility variables add significant explanatory power to the model.

5.4

Diagnostics

To check for multicollinearity in our fix-effect model. A correlation matrix for
the explanatory variables included in the model is constructed. The result is
presented in Figure 5.4.1.

Figure 5.4.1: Correlation matrix for explanatory variables
As we can observe from the correlation matrix, the correlation coefficient is
low for most of the variables, with the highest correlation coefficient of just
0.5921 between log(ME) and BME. However, some degree of correlation
between these variables is expected, since both log(ME) and BME are
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generated using ME. Other than these two variables, other pairwise
correlation coefficients are low, with an absolute value of smaller than 0.4.
Thus, we believe that there is a low chance of multicollinearity in our model.
In addition, since the fixed-effect model uses the Ordinary Least Square
(OLS) method, we also check for the OLS condition of the residuals by
constructing residual plots. The Residual vs Fitted plot is provided in Figure
5.4.2, while the normal quantiles plot is provided in Figure 5.4.3.

Figure 5.4.2: Residual vs Fitted plot for model III
In the Residual vs Fitted plot, the points are evenly distributed above and
below the line, indicates that our OLS assumption of linearity is reasonable.
Moreover, except for a few outliers, the variance seems to be constant as we
move from the left to right of the plot. Thus, the assumption of constant
variance for the residual is acceptable.
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Figure 5.4.3: Normal quantiles plot for Model III
From the normal quantiles plot, we can observe that the majority of the
points are distributed along the diagonal line. There are a few points that are
off the line at the top right and bottom left, including the outliers. However,
the plot suggests an overall close to a normal distribution for the residual.
Thus, the assumption of a normally distributed error term is reasonable.

5.5

Discussion

Our results indicate the difference in the time series and cross-sectional effects
of implied volatility on monthly stock return. The variable for implied
volatility, IV30, is significant in the fixed-effect regression, but not in the
Fama-Macbeth regression. This indicates that implied volatility is useful in
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predicting the return of a company across time, while this variable is not
useful in predicting returns across different companies. Thus, our finding is
consistent with the initial hypothesis that implied volatility can be used as a
predictor for future stock returns, and a higher level of implied volatility
should associate with higher future returns. Moreover, our result on implied
volatility is also consistent with the study of Bali and Hovakimian (2009),
which suggests that implied volatility level is not significant in explaining the
cross-sectional stock returns. Thus, our finding suggests that investors could
use implied volatility level as an indicator in timing for stock buying.
Regarding the put-call implied volatility spread, our results suggest
otherwise. While the put-call implied volatility spread is not highly significant
for time series monthly stock returns, its predicting power on the
cross-sectional returns is highly significant. This result indicate that investors
could use the put-call implied volatility spread in their stocks selection process
to archive higher returns. However, our coefficients for PCSpread are
inconsistent with the finding of Bali and Hovakimian (2009) and Fu et al.
(2014), which found a positive coefficient for the call-put implied volatility
spread (the negative of put-call implied volatility spread). This difference
might come from several reasons. First, the two studies used the implied
volatility for all eligible options, while in our study, PCSpread is computed
only by using the 25-delta put and call options. A second possible reason for
the difference is that our dataset is relatively small in comparison to the two
studies.

Chapter 6
Conclusions
The motivation from our independent study was to investigate whether
information from the options market can be used to explain the returns in the
stock market. In particular, we are interested in the relationship between
options implied volatility and stock returns. We hypothesize that options
implied volatility should be positively correlated with stock returns since we
expect a positive risk-return relationship. Throughout the chapters, we
provided the theoretical framework, the derivation of the Black-Scholes
model, the literature review, and the empirical results for the study.
First, our paper discussed the theoretical framework, including theories
and concepts that are relevant to the study of the relationship between options
implied volatility and stock returns. In this theoretical framework chapter, we
first introduced the utility theorem, which explains individuals’ behavior
when choosing between different risky investments. This theory uses the
utility function to explains the risk preference of investors, creating a
foundation for one of the assumptions for the later discussed portfolio theory.
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From the utility theory, we can see that if investors are risk-averse, we should
expect a positive risk-return relationship. We also introduced the efficient
market hypothesis in the following section. The efficient market hypothesis
assumes that if the market is efficient, all investors will have free access to
available information and act accordingly to this information. Thus, security
prices should adjust rapidly, reflecting all available information in the market.
Since the arrival of information is random, the efficient market hypothesis
suggests that only way that investors can archive abnormal returns, in the
long run, is to purchase riskier investments. Afterward, we discussed the
portfolio theory. This theory is important to the study in two aspects. First, the
theory provides a way to quantify assets’ risk using the variance in their
return. Since the implied volatility is also a measurement of stock returns’
variance, implied volatility uses the same perception of risk as the portfolio
theory’s. Second, the portfolio theory provides a foundation for the capital
asset pricing model. The capital asset pricing model (CAPM) is relevant to our
study since it develops a model to evaluate the return of risky assets. Using
the variance in historical assets’ return as in the portfolio theory, the CAPM
constructs a variable that captures a stock’s systematic risk, the beta
coefficient. This coefficient is then used to derive a formula that explains asset
return, indicating a positive relationship between the systematic risk and
expected returns. In the last section of the theoretical framework chapter, we
briefly introduced the Black-Scholes formula, which allows us to calculate
option value and implied volatility.
Continuing our discussion of the Black-Scholes formula, our study
provided a detailed derivation of this formula in the next chapter. The model
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begins with the mathematical modeling of stock prices. The Brownian motion
and the geometric Brownian motion model the stock price at each time period
as a random variable. Furthermore, the change in this variable follows a
normal distribution and is independent of the price changes in the past. These
models are consistent with the efficient market hypothesis, which suggests
that in an efficient market, the change in stock prices should be random. Given
these mathematical models of the stock price, we still need to define the
parameters for the probability distribution. This is where the arbitrage
theorem comes in. It is a popular assumption in asset pricing that, in an
efficient market, there should be no opportunities to make riskless profit in the
market. Based on this assumption, we can use the arbitrage theorem to form a
probability distribution on stock price models that do not allow arbitrage
opportunities. To connect the arbitrage theorem and the geometric Brownian
motion, the multiperiod binomial model is introduced. Compared to the
geometric Brownian motion, the multiperiod binomial model is a simpler
model of the change in stock prices. In this model, we can apply the arbitrage
theorem to determine a risk-neutral probability distribution to the stock price
changes. As the time period approaches 0, the stock prices change in the
multiperiod binomial model converges to the geometric Brownian motion.
Finally, the previously mentioned mathematical models are used together to
derive the Black-Scholes formula. The Black-Scholes formula calculates the
option value by first determining the probability that the stock price exceeds
the strike price at the expiration date. Afterward, the formula computes the
appropriate value for the options, given the probability that the options expire
in-the-money.
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The previous literature plays an important role in our independent study

since it helps us connect the empirical analysis to the theoretical framework.
These articles also provide useful insights into our research topics. Among
various relevant articles, five studies are chosen to present and analyze. The
two studies by Fu et al. (2016) and Bali and Hovakimian (2009) investigate the
relationship between options implied volatility and the cross-sectional stock
returns. These studies found a significant result on the explanatory power of
the call-put implied volatility spread on cross-sectional stock returns. In
addition, the two articles “Predicting Absolute Stock Returns UsingOption
Implied Volatilities” (Banerjee, Doran, and Peterson 2007) and “Implied
volatility and future portfolio return” (Govindaraj et al. 2013) investigate other
aspects of implied volatility’s predictability on returns in the stock market.
Banerjee, Doran, and Peterson found that implied volatility, computed from
the VIX index, is significant in predicting the monthly return of stock
portfolios. The results in the study by Govindaraj et al. also suggest that
options implied volatility is useful in explaining stock returns around
information events such as earnings announcement and SEC filings. Overall,
these four articles suggest that information in options implied volatility can be
used to explain returns in the stock market. Their empirical results are
consistent with our hypothesis, which assumes a positive relationship
between implied volatility and returns. Finally, the study by Fama and French
(1992) provides two other risk factors that are useful in predicting stock
returns: firm size and book-to-market equity ratio.
With the significance of the Call-Put implied volatility spread in the
studies of Fu et al. (2016) and Bali and Hovakimian (2009), we also employ
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this variable in our study, in addition to the variable for implied volatility
level. Our dataset contains information of 20 US companies obtained from the
database of various websites: Market Chameleon, Yahoo Finance, Quick FS,
and Ycharts. These sources provide data on the 30-day implied volatility, the
put-call implied volatility spreads, stock prices, trading volume, and financial
statement information. Stock monthly returns are generated using the
monthly stock prices data. We also generate the book-to-market equity ratio
by dividing the book value of equity by the firms’ market capitalization.
To investigate the relationship of these variables with stock returns, we use
two regression methods: fixed-effect regressions and Fama-Macbeth
regression. The fixed-effect regression uses dummy variables to control for the
time-invariant factors that affect the monthly returns for each firm. Using this
model, we are examining the average impacts of implied volatility on stock
returns across time. The Fama-Macbeth regression, on the other hand,
examines the cross-sectional impact of implied volatility on stock returns. The
model does this by running a single regression across firms for each time
period.
The results of our empirical analysis support our hypothesis on the
relationship between implied volatility and stock returns. In the fixed-effect
regressions, we found that the implied volatility level is significant at the 1%
level with a positive. This result suggests that implied volatility can be used to
predict the time series monthly returns in the stock market. Based on this
result, investors can use implied volatility in timing their buying of stocks to
archive higher returns. Next, in the Fama-Macbeth regressions, although the
variable for implied volatility level is insignificant, we found that the put-call
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implied volatility spread is significant at the 5% level. This result indicates
that the put-call implied volatility spread is useful in explaining the monthly
returns across different firms. Thus, investors can use this variable as an
indicator for stock selection in their portfolio construction process. Overall,
these findings indicate that information from implied volatility can be
employed to explain stock market returns.
Our results are consistent with most of the findings in our literature review
chapter. Particularly, Bali and Hovakimian (2009) found that implied volatility
level is insignificant in explaining cross-sectional stock returns. Moreover,
both the studies of Fu et al. (2016) and Bali and Hovakimian (2009) also found
that the call-put implied volatility spread is useful in predicting cross-sectional
returns of stocks. Thus, by using the most recent data, our results have
confirmed the significance of this variable in explaining stock returns.
However, our coefficient sign for the put-call implied volatility is inconsistent
with these studies. While the two articles found a positive coefficient for the
call-put implied volatility, we found a positive coefficient for the negative of
this variable (the put-call implied volatility spread). This difference might
come from our different way of volatility estimation as well as the limitations
of our dataset.
Our independent study does have a few limitations. These shortcomings
mostly come from the limitation of our dataset. Our dataset only includes the
data for 20 US companies, which is relatively small compared to previous
studies on the same topic. In addition, our access to the historical trading data
of options is also limited. Previous studies use options trading historical data
to generate implied volatility from all eligible options. However, since this
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data is not easily attainable, we only use implied volatility data provided by
Market Chameleon. The lack of data also creates a limitation in our control
variables. Particularly, previous studies use the bid-ask spread as a control
variable for the liquidity risk. Since we do not have access to such data, we can
only use the stock trading volume as a proxy for this risk.
Further research could be done to investigate the relationship between
implied volatility and stock returns. These researches could expand the
observations to a larger number of firms. Our observations only contain 20
large US firms. Except for Apple, all other firms in the dataset are included in
the S&P 100 index. It would be interesting to examine the result of implied
volatility impacts on a wider variety of firms, including different market
capitalization and sectors. Moreover, if access to historical options trading
data is available, further researches could use this data to generate implied
volatility measurements for more type option contracts. These researches
could also examine other implied volatility measurements such as implied
volatility skew and implied volatility innovations.
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Appendix A
Regression Outputs for the
Fixed-effect Model
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Figure A.0.1: Regression Outputs for model I
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Figure A.0.2: Regression Outputs for model II
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Figure A.0.3: Regression Outputs for model III

Appendix B
Regression Outputs for the
Fama-Macbeth Regression

Figure B.0.1: Regression Outputs for model I
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APPENDIX B. REGRESSION OUTPUTS FOR THE FAMA-MACBETH
REGRESSION

Figure B.0.2: Regression Outputs for model II

Figure B.0.3: Regression Outputs for model III
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